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' Abstract. The relative Malcev homotopy type of a quasi-projective variety carries a 

^ ' canonical non-positively weighted algebraic mixed twistor structure (MTS) , provided we 

restrict to extensions of local systems with trivial monodromy around the components 
of the divisor. This can be enriched to an analytic mixed Hodge structure (MHS), which 
] becomes algebraic if we restrict to extensions of local systems underlying VHS. 

We then show that every non-positively weighted MHS or MTS on homotopy types 
admits a canonical splitting over SL2. For smooth varieties, this allows us to characterise 
, the MHS or MTS in terms of the Gysin spectral sequence, together with the monodromy 

• action at the Archimedean place. It also means that the relative Malcev homotopy groups 

. ' carry canonical MTS or MHS. 

Introduction 
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The main aims of this paper are to construct mixed Hodge structures on the real relative 
Q>^ , Malcev homotopy types of open complex varieties, and to investigate how far these can be 

I recovered from the structures on cohomology groups of local systems, and in particular the 

' Gysin spectral sequence. In this respect, this paper is a sequel to [Pri4], which considers 

the same question for proper complex varieties. 

In [Mor], Morgan established the existence of natural mixed Hodge structures on the 
minimal model of the rational homotopy type of a smooth variety X, and used this to 
define natural mixed Hodge structures on the rational homotopy groups n^^X 0) of X. 
This construction was extended to singular varieties by Hain in [Hai]. 

For non-nilpotent topological spaces, the rational homotopy type is too crude an invari- 
ant to recover much information, so schematic homotopy types were introduced in [Toe], 
■ based on ideas from [Gro]. [Pri2] showed how to recover the groups 7r„(X) f^z ^ from 

schematic homotopy types for very general topological spaces, and also introduced the 
intermediate notion of relative Malcev homotopy type, simultaneously generalising both 
rational and schematic homotopy types. 

In [Pri4], the notions of mixed Hodge and mixed twistor structures on real relative 
Malcev homotopy types were introduced, and were constructed for homotopy types of 
compact Kahler manifolds. [Pri4] also introduced an important class of MHS or MTS — 
those which are SL2-split or 5-split. These split on tensoring with the ring S := M[x] 
whose Hodge filtration on ^i^irC is given by powers of (x — i). It was then shown in [Pri4] 
that any 5-split MHS or MTS on relative Malcev homotopy types gives rise to MHS or 
MTS on the relative Malcev homotopy groups, with the latter also being 5-split. Adapting 
[DGMS] gave rise to an 5-splitting of the MHS and MTS for homotopy types of compact 
Kahler manifolds, and hence 5-split MHS/MTS on the homotopy groups. 

This paper is broken into two main parts: we first adapt [Pri4] to construct MHS/MTS 
for relative Malcev homotopy types of quasi-projective varieties in §2, but only when the 
monodromy around the divisor is trivial. A more general case (unitary monodromy around 
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the divisor) is addressed in §3. Whereas the 5-splittings of [Pri4] were reahsed concretely 
using the principle of two types, the second part of the paper (§§4-5) establishes abstract 
existence results for 5-splittings of general mixed Hodge and mixed twistor structures. 
These latter results are then needed to construct mixed Hodge and mixed twistor structures 
on relative Malcev homotopy groups of quasi-projective varieties (§5.4). 

The structure of the paper is as follows: §1 recalls several basic results from [Pri4] 
concerning non-abelian filtrations, mixed Hodge structures and mixed twistor structures. 
These are adapted slightly here to specialise to non-positively weighted homotopy types. 

§2 deals with the Malcev homotopy type {Y,yy'^'^^ of a quasi-projective variety Y = 
X — D with respect to a Zariski-dcnsc representation p: Tri{X,y) — )• i?(M). For the local 
system 0{R) on X corresponding to the regular representation 0{R), the construction 
of MHS and MTS is based on the complex A'{X,0{R))lDj, defined by modifying the 
0(i?)-valued de Rham complex by allowing logarithmic singularities around the divisor. 

When Y is smooth, Theorem 2.21 establishes a non-positively weighted MTS on 
{Y,y)'''^^^, with the associated graded object gr^ (Y, yY'^'^^ corresponding to the R- 
equivariant DGA 

(0 H'^-^X, R^i.r '0(i?))[-a], d2), 

where ^2 : H"-^(X, K^jJ-^0{R)) H°-^+2(X, K''-^j^j'^0{R)) is the differential on the 
E2 sheet of the Leray spectral sequence for j : Y ^ X, and }i°'~^{X,'R!'j:^j~^0(R)) has 
weight a + b. Theorem 2.22 shows that if i?-representations underlie variations of Hodge 
structure, then the MTS above extends to a non-positively weighted MHS on {Y,yy'^'^^. 
Theorem 2.30 gives the corresponding results for singular quasi-projective varieties Y, with 
gj.VF^y^ y^p,Mai characterised in terms of cohomology of a smooth simplicial resolution 

of y. 

In §3, these results are extended to Zariski-dense representations p: 7ri{Y,y) — t- R(R) 
with unitary monodromy around local components of the divisor. The construction of 
MHS and MTS in these cases is much trickier than for trivial monodromy. The idea behind 
Theorem 3.16, inspired by [Mor], is to construct the Hodge filtration on the complexified 
homotopy type, and then to use homotopy limits of diagrams to glue this to the real 
form. When i?-representations underlie variations of Hodge structure on Y, this gives 
a non-positively weighted MHS on {Y,y)P'^^^, with gr^ (Y, y)P'^^^ corresponding to the 
i?-equivariant DGA 

(0H»-''(X,R''j,O(i?))[-a],d2), 

a,b 

regarded as a Hodge structure via the VHS structure on 0(i?). For more general R, The- 
orem 3.19 gives a non-positively weighted MTS, with the construction based on homotopy 
gluing over an affine cover of the analytic space P^(C). Simplicial resolutions then ex- 
tend these results to singular varieties in Theorems 3.21 and Theorem 3.22. §3.5 discusses 
possible extensions to more general monodromy. 

§4 is concerned with splittings of MHS and MTS on finite-dimensional vector spaces. 
Every mixed Hodge structure V splits on tensoring with the ring S defined above, giving 
an 5-linear isomorphism y 5 = (gr^V) (g) S preserving the Hodge filtration F. Differ- 
entiating with respect to V, this gives a map (3 : (gr^V) (gr^V) (8) 0(5/M) from which 
V can be recovered. Theorem 4.8 shows that the 5-splitting can be chosen canonically, 
corresponding to imposing certain restrictions on (3, and this gives an equivalence of cate- 
gories. In Remark 4.11, P is explicitly related to the complex splitting of [Del4]. Theorem 
4.15 then gives the corresponding results for mixed twistor structures. 

The main result in §5 is Theorem 5.16, which shows that every non-positively weighted 
MHS or MTS on a real relative Malcev homotopy type admits a strictification, in the sense 
that it is represented by an i?-equivariant DGA in ind-MHS or ind-MTS. Corollary 5.22 
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then applies the results of §4 to give canonical 5-splittings for such MHS or MTS, while 
Corollary 5.23 shows that the splittings give equivalences {Y,y)P'^^^ ~ gr^ {Y,y)f''^^^. 
Corollary 5.24 shows that they give rise to MHS or MTS on homotopy groups, and this 
is applied to quasi-projective varieties in Corollary 5.35. There are various consequences 
for deformations of representations (Proposition 5.33). Finally, Theorem 5.38 shows that 
for projective varieties, the canonical iS-splittings coincide with the explicit 5-splittings 
established in [Pri4]. 

Acknowledgements. I would like to thank Carlos Simpson for helpful discussions, especially 
concerning the likely generality for the results in §3. I would also like to thank Tony Pantev 
for alerting me to [Del4]. 

Notation. For any afHne scheme Y, write 0{Y) := T{Y, Gy)- 
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1. NON-ABELIAN FILTRATIONS 

In this section, we summarise several results from [Pri4] concerning non-abelian gener- 
alisations of real mixed Hodge and mixed twistor structures. 

Lemma 1.1. There is an equivalence of categories between flat quasi- coherent Gm- 
equivariant sheaves on A^, and exhaustive (i.e. V = \Jn^nV) filtered vector spaces, where 
Gm acts on via the standard embedding Gm "—^ A^ . 
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Proof. This is [Pri4, Lemma 1.6]. Given a filtered vector space V, the equivalence sets 
M to be the Rees module ^{V,F) := ^FnV, with G^-action given by setting FnV 
to be weight n, and the A;[t]-module structure determined by letting t be the inclusion 

FnV Fn+lV. □ 

1.1. Mixed Hodge and mixed twistor structures. 

Definition 1.2. Define C to be the real affine scheme Ilc/R-'^^ obtained from by 

restriction of scalars, so for any real algebra A, C{A) = A^{A C) = ^ i^ir C. Choosing 
i G C gives an isomorphism C = A^, and we let C* be the quasi-affine scheme C — {0}. 

Define S to be the real algebraic group nc/R*^"* obtained as in [Dell, 2.1.2] from Grn,C 
by restriction of scalars. Note that there is a canonical inclusion Gm ^ S, and that S 
acts on C and C* by inverse multiplication, i.e. 

SxC ^ C 
{X,w) ^ {\-^w). 

Remark 1.3. Fix an isomorphism C = A^, with co-ordinates u,v on C so that the isomor- 
phism C(M) = C is given by (ii, v) ^ u + iv. Thus the algebra 0{C) associated to C is the 
polynomial ring M[it, u]. S is isomorphic to the scheme A^ — {{u,v) : + = 0}. On 
Cc, we have alternative co-ordinates w = u + iv and w = u — iv, which give the standard 
isomorphism Sc = Gm,c x Gm,c- Note that on C the co-ordinates w and H) are of types 
(—1,0) and (0,-1) respectively. 

Definition 1.4. Given an S-representation V, the inclusion Gm ^ S (given by = in 
the co-ordinates above) gives a grading on V, which we denote by 

V = ^WnV. 

Equivalently, Wn{V (g) C) is the sum of elements of type {p, q) for p + q = n. 
1.1.1. Mixed Hodge structures. 

Lemma 1.5. The category of flat S-equivariant quasi- coherent sheaves on C* is equiva- 
lent to the category of pairs {V,F), where V is a real vector space and F an exhaustive 
decreasing filtration on V <Sir C. 

Proof. This is contained in [Pri4, Corollary 1.8]. The construction is given by first forming 
the complex Rees module 

aVc,F,F) := w-Prv-'i{FPVc) n (F'^Vc) 

with respect to F and F. This has a C[w, iD-module structure, and an 5-action as a 
submodule of Vc[w,w~^ ,w,'w~^]. We then form ^(F,F) C ^{Vc,F,F) to consist of real 
elements. This a flat S'-equivariant w]-module, so defines a flat S-equivariant quasi- 
coherent sheaf on C, and hence pulls back to one on C*. □ 

Definition 1.6. Given an affine scheme X over M, we define an algebraic mixed Hodge 
structure Xmhs on X to consist of the following data: 

(1) an Gm X S'-equivariant affine morphism Xmhs — > A"*- x C*, 

(2) a real affine scheme gr^MHS equipped with an S-action, 

(3) an isomorphism X = Xuns ^(AixC*),(i,i) SpecM, 

(4) a Gm X S-equivariant isomorphism gr^MHS x C* = Xmhs x^^i q SpecM, where 
Gm acts on gr^MHS via the inclusion ^ S. This is called the opposedness 
isomorphism. 
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Definition 1.7. Define a (real) quasi-MHS to be a real vector space V, equipped with 
an exhaustive increasing filtration W on V, and an exhaustive decreasing filtration F on 

We adopt the convention that a (real) MHS is a finite-dimensional quasi-MHS on which 
W is Hausdorff, satisfying the opposedness condition 

grjf gr^gr^^(y ® C) = 

for i + j / n. 

Define a (real) ind-MHS to be a filtered direct limit of MHS. Say that an ind-MHS is 
bounded below if WnV = for AT < 0. 

Lemma 1.8. The category of flat Gm^S-equivariant quasi-coherent sheaves M onA^xC* 
is equivalent to the category of quasi-MHS. 

Under this equivalence, bounded below ind-MHS {V, W, F) correspond to flat algebraic 
mixed Hodge structures M on V whose weights with respect to the Grn x ^-action are 
bounded below. 

A real splitting of the Hodge filtration is equivalent to giving a (real) Hodge structure on 
V (i.e. an S -action). 

Proof. This is [Pri4, Proposition 1.40]. The construction is given by combining Lemmas 
1.1 and 1.5. □ 

1.1.2. Mixed twistor structures. 

Definition 1.9. Adapting [Siml] §1 from complex to real structures, say that a twistor 
structure on a real vector space V consists of a vector bundle on P^, with an isomorphism 
V^S'i, the fibre of >f over 1 G 

Lemma 1.10. The category of finite flat algebraic twistor filtrations on real vector spaces 
is equivalent to the category of twistor structures. 

Proof. This is [Pri4, Proposition 1.8]. The flat algebraic twistor filtration is a flat Gm- 
equivariant quasi-coherent sheaf M on C*, with M\\ = V. Taking the quotient by the 
right Gm-action, M corresponds to a flat quasi-coherent sheaf Mq^ on [C*/Gm]- Now, 
[C*/Gra\ = [(A^ - {0})/G^] = PS so Lemma 1.1 implies that Mg^ corresponds to a flat 
quasi-coherent sheaf on P-*^. Note that (^i = (M|g„)g^ = Mi = V, as required. □ 

Definition 1.11. Let C* — )• C* be the etale covering of C* given by cutting out the 
divisor {u — iv = 0} from C* (8)]k C, for co-ordinates u,v as in Deflnition 1.3. 

Note that C* = x G^^c, with the isomorphism given by sending {u, v) to {u-\-iv,u — 
iv). 

Definition 1.12. Adapting [Siml] §1 from complex to real structures, say that a (real) 
mixed twistor structure (real MTS) on a real vector space V consists of a finite locally free 
sheaf on P^, equipped with an exhaustive Hausdorff increasing filtration by locally free 
subsheaves WiS", such that for all i the graded bundle grf^S" is semistable of slope i (i.e. 
a direct sum of copies of ^pi(i)). We also require an isomorphism V = S'l, the fibre of S" 
over 1 G P^. 

Define a quasi- MTS on F to be a flat quasi-coherent sheaf S" on Pj^, equipped with 
an exhaustive increasing filtration by quasi-coherent subsheaves WiS', together with an 
isomorphism V = ^i. Define an ind-MTS to be a filtered direct limit of real MTS, and 
say that an ind-MTS S onV \s bounded below if W^S' = for ^ 0. 

Definition 1.13. Given an affine scheme X over R, we define an algebraic mixed twistor 
structure Xmts on X to consist of the following data: 

(1) an G^ X G^-equivariant affine morphism Xmts — >■ x C*, 
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(2) a real affine scheme gr^MTS equipped with a G^-action, 

(3) an isomorphism X = Xmts X(a1xC*),(i,i) SpecM, 

(4) a Gm X Gm-equivariant isomorphism grXMTS x C* = Xmts Xai,o SpecM. This is 
called the opposedness isomorphism. 

Lemma 1.14. The category of flat Gm x Gm-equivariant quasi- coherent sheaves on x C* 
is equivalent to the category of quasi-MTS. 

Under this equivalence, bounded below ind-MTS on V correspond to flat algebraic mixed 
twistor structures ^(y,MTS) on V whose weights with respect to the Gm x 1-action are 
bounded below. 

Proof. This is [Pri4, Proposition 1.48]. The construction is given by combining Lemmas 
1.1 and 1.10. □ 

1.2. Mixed Hodge and mixed twistor structures on Malcev homotopy types. 

1.2.1. Relative Malcev homotopy types. 

Definition 1.15. Given a reductive real pro-algebraic monoid M, let DGzAlg(M) (resp. 
DGA\g{M)) be the category of i?-representations in Z-graded cochain graded-commutative 

M- algebras (rcsp. non- negatively graded cochain graded-commutative R- algebras). 

For an M-representation A in algebras, we define DGzAlg^(M) (resp. Z)GAlg^(M)) 
to be the comma category AiDGzAlg{M) (resp. AiDGAlg{M)). 

Denote the opposite categories by dgzAS^lM) and dgAS^^M). Given an object A G 
DGiAlg(M)^.., write Spec^l € dgiAS(M)^.. for the corresponding object of the opposite 
category. For each of the categories C above, let Ho(C) be the category obtained by 
formally inverting quasi-isomorphisms. 

Definition 1.16. Given a reductive pro-algebraic monoid M, and an M-representation 

Y in schemes, define DGzAlgyiM) to be the category of M-equivariant quasi-coherent 
Z-graded graded-commutative cochain algebras on Y. Define a weak equivalence in this 
category to be a map giving isomorphisms on cohomology sheaves (over Y), and define 
Ho(DGzAlgy(M)) to be the homotopy category obtained by localising at weak equiva- 
lences. Define the categories dg'zAffy(M), Ho(dg'zAffy(M)) to be the respective opposite 
categories. 

When Y is affine, define DGAlgy(M) C DGzAlgy(M) to consist of non-negatively 
graded cochain graded-commutative M-algebras on Y, with dgASyiM), Ho(-DGAlgy(M)) 
and Ho{dgzASY{M)) defined similarly. 

Definition 1.17. Given a reductive pro-algebraic monoid K acting on a reductive pro- 
algebraic monoid M and on a scheme Y, define d^zAffy (M)*(i^) to be the category 
(y X M) I dgzASyiM x K) of objects under M xY. Note that this is not the same 
as dgzASriM x K)^ = {Y x M x K) i dgzASyiM x K). When Y is affine, define 
dgASY{M)4K) similarly. 

Definition 1.18. Recall from [Pri4, Proposition 3.34] that for a reductive pro-algebraic 
group R, the relative Malcev homotopy type {X, x)^'^^^ of a pointed manifold {X, x) 

relative to p : tti{X,x) R{R) is given in dgAS{R)^ by R ^Ef^^ Spec^*(X, 0(i?)), 
where 0{R) is the local system on X corresponding to the left action of 7ri(X, x) on 0{R). 

1.2.2. Hodge and twistor structures. 

Definition 1.19. Define the real algebraic group to be the circle group, whose A- 
valued points are given by {(a, 5) e A"^ : a"^ + b"^ = 1}. Note that ^ S, and that 
S/Gm — S^. This latter S'-action gives a split Hodge filtration. 
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The following definitions and results are taken from [Pri4, §4]. Fix a real reductive 
pro-algebraic group R, a pointed connected topological space {X,x), and a Zariski-dense 
morphism p : tti {X, x) - 



Definition 1.20. An algebraic Hodge filtration on a pointed Malcev homotopy type 

{X,x)f'^^^^ consists of the following data: 

(1) an algebraic action of on R, 

(2) an object (X, x)^^^'^^ G llo{dgzA.Sc* {R)*{S)) , where the S'-action on R is defined 
via the isomorphism S/Gm — S^, while the R x S'-action on R combines multipli- 
cation by R with conjugation by 5. 

(3) an isomorphism {X,x)p^^^''^ ^ {X,x)y x^, ^ SpecM G Ro{dgxA&{R)^). 

Definition 1.21. An algebraic twistor filtration on a pointed Malcev homotopy type 

(X, x)P'^'^^ consists of the following data: 

(1) an object G Ro{dgzASc*{R)*iGm)), 

(2) an isomorphism {X,x)P'^^^ ^ {X,x)^^^^ xg-.^i SpecR G Ho(d5zAff(i?)*). 

Definition 1.22. Mat^ is the algebraic monoid of n x n-matrices. Thus Mati = A^, 
so acts on by multiplication. Note that the inclusion ^ Mati identifies Mati- 
representations with non- negatively weighted Gm-representations. 

Let S := (Mati xS'^)/(— 1,— 1), giving a real algebraic monoid whose subgroup of units 
is S, via the isomorphism S = {Gm x S^)/{—l, —1). There is thus a morphism S — >■ 
given by {m,u) u^, extending the isomorphism S/Gm = S^. 

Note that ^-representations correspond via the morphism 5 — > 5 to real Hodge struc- 
tures of non- negative weights. In the co-ordinates of Remark 1.3, 

— 2uv , 



S = SpecR[u,v, 



^2 _j_ ^2 ' ^^2 _|_ y2 



The following adapts [Pri4, Definition 4.4] to non-positive weights, replacing Gm and S 
with Mati and S respectively. 

Definition 1.23. A non-positively weighted algebraic mixed Hodge structure {X, x)^^^^ 
on a pointed Malcev homotopy type {X, x)^'^^^ consists of the following data: 

(1) an algebraic action of on R, 

(2) an object 

iX,x)^ G Ho(o((7zAfrAixC*(^)*(Mati x 5)), 

where S acts on R via the S^-action, using the canonical isomorphism = S/Gm, 

(3) an object 

gr_iX,x)^^^' G Roidg^ASiRUS)), 

(4) an isomorphism {X,x)^'^''^ ^ (^,^)mhs"^ X(iixC*),(i,i) ^PecM G Ho(d5zAff (i?),), 

(5) an isomorphism (called the opposedness isomorphism) 

d^igr_{X,x)Xi') xC* = {X,x)^^^' x^i SpecM G Ho(d5zAffc* (i?)*(Mati x S)), 

for the canonical map 9 : Mati xS* S given by combining the inclusion Mati S 
with the inclusion S "-^ S. 

Definition 1.24. An non-positively weighted algebraic mixed twistor structure 
{X, x)^'^^ on a pointed Malcev homotopy type {X, x)^'^^ consists of the following data: 
(1) an object 

{X,x)^^f e Ho(d5zAffAixC*(^)*(Mati x Gm)), 
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(2) an object gr(X,x)^'^g^ G Ho(dc/zAff(/?)*(Mati)), 

(3) an isomorphism {X,x)^'^^^^ ^ {X,x)^^^^^ X(lixC*),(i,i) ^PecM G Ro{dgzAS(R)^), 

(4) an isomorphism (called the opposedness isomorphism) 

^»(g£(^,x)ST?') X C* = (^,a;)MT?' x^i.o SpecM G Ho(d5zAffc*(i?)*(Mati x G^)), 
for the canonical map 6 : Mati x ^ Mati given by combining the identity on 
Mati with the inclusion Gm ^ Mati. 

2. Algebraic MHS/MTS for quasi-projective varieties I 

Fix a smooth compact Kahler manifold X, a divisor D locally of normal crossings, and 
set Y := X — D. Let j :Y X he the inclusion morphism. 

Definition 2.1. Denote the sheaf of real C°° n-forms on X by and let jz/^ be the 
resulting complex (the real sheaf de Rham complex on X). 

Let C j*--(^Y be the sheaf of dg ,2/^-subalgebras locally generated by 

{log Tj, dlog Tj, d'^ log rj}i<j<m, where D is given in local co-ordinates by D = Ui^ii-^j = 0}, 
and Tj = \zi\. 

Let £^^{D) C j*i^Y (8) C be the sheaf of dg (8) C-subalgebras locally generated by 

{d\ogZi}i<i<m. 

Note that d'^ log ri = d arg Zi . 
Definition 2.2. Construct increasing filtrations on £/^{D) and by setting 

Jo^nm = 

then forming J^s^xi-^) ■^xi^) ^'^'^ Jr-^xl.^'i -^I-^l inductively by the local ex- 
pressions 

i 

JrS^xm = J2 Jr-i-^xlDj logn + J] J.-i< p]dlog + ^ J,_i<[L>]d^ logri, 

i i i 

for local co-ordinates as above. 

Given any cochain complex V, we denote the good truncation filtration by TnV := t-"'V. 

Lemma 2.3. The maps 

are filtered quasi-isomorphisms of complexes of sheaves on X. 

Proof. This is essentially the same as [Dell] Prop 3.1.8, noting that the inclusion (D) ^ 
^x I-^l <X) C is a filtered quasi- isomorphism, because J^x I-^l <8) C is locally freely generated 
over ^xi^) by the elements logr^ and dlogr^. □ 

An immediate consequence of this lemma is that for all m > 0, the flabby complex 
gr;(^=e/)f [Z?]] is quasi-isomorphic to R^j^R. 

Definition 2.4. For any real local system V on X, define 

(V) := ^x ®M V, (V) {D) := {D) 0m V, (V) p] := p] 0r V. 

A«(X,V) :=r(X,<(V)), A\X,N){D) := r(X, <(¥)(£»)), 

A'{X,Y)ID\ :=r(X,<(V)pl). 
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These inherit filtrations, given by 

JrA'{X,Y){D) := r{X,JrS^^{D)(^Y), 
JrA-{X,Y)lDj ■■= r(X, J,i2/j^p] V). 

Note that Lemma 2.3 imphes that for ah m > 0, the flabby complex gr':^^x (V) {D} (resp. 
s!/^{Y){D)) is quasi-isomorphic to BTj^j-'^Y) ^ R"'j*R (resp. BTj^j-'^Y) C). 

Remark 2.5. The filtration J essentially corresponds to the weight filtration W of [Dell, 
3.1.5]. However, the true weight filtration on cohomology, and hence on homotopy types, 
is given by the dccalage Dec J (as in [Dell, Theorem 3.2.5] or [Mor]). Since Dec J gives 
the correct notion of weights, not only for mixed Hodge structures but also for Frobenius 
eigenvalues in the ^-adic case of [Pri5] , we reserve the terminology "weight filtration" for 
W := Dec J. 

2.1. The Hodge and twister filtrations. If we write J for the complex structure on 
A*{X), then there is a differential (f := J~^dJ on the underlying graded algebra A*{X). 
Note that dd" + d^'d = 0. 

Definition 2.6. There is an action of S on A*(X), which we will denote by a i— )• Ao a, 
for A G = S{R). For a G {A*{X) (g) C)p«, the action is given by 

Xoa:= A*'A«a. 

It follows from [Sim2] Theorem 1 that there exists a harmonic metric on every semisimple 
real local system V on X. We then decompose the associated connection D : £/^(Y) — ?• 
■e/^(V) as D = (i+ + into antisymmetric and symmetric parts, and let D'^ := iod+ — iod. 
Note that this decomposition is independent of the choice of metric, since the pluriharmonic 
metric is unique up to global automorphisms r(X, Aut(V)). 

Definition 2.7. Given a semisimple real local system V on X, define the sheaves J2/J(V) 
and ,!2^^(V)[D] of cochain complexes on x Czar by 

J^{Y) = (^l(V) ®M 0{C),uD + vD''), 

<(V)p] = «(V)p] ®M 0{C),uD + vD'^), 

for co-ordinates u, v as in §1.1. We denote the differential by D := uD + vD'^. 

Define the quasi-coherent sheaf A*(X, V)|Z)]] of cochain complexes on C by 
A'iX,Y)m :=pre,(<(V)pl). 

Note that the o action on ^ gives an action of C 5 on ^^{Y)lD} over C. 

Definition 2.8. Given a semisimple local system V and an element t G 5^, define the 
semisimple local system i®V as follows. Decompose the connection D : ^^(V) J2^(V) 
diS D = d'^ + ■& into antisymmetric and symmetric parts, and set 

t®D --d^ + to'& = d + d + t9 + r^e, 

then let t ® V := ker(t ® D : j2f^{Y) -^ki^))- 

Definition 2.9. Assume that we have a semisimple local system V, equipped with a 
discrete (resp. algebraic) action of on =e^^(V) (denoted v t®v) such that 

t® (Dv) = (t®D){t®v) 

for V G (^) t ® as above. 

Then define a discrete S(R) = C^-action (resp. an algebraic S'-action) [1 on J2/J(V) 
(and hence on ^•{Y)IDJ) by 

A El (a (g) / (g) u) := (A o a) (g) A(/) (g (^ ® v), 
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for a G j^x, f £ 0{C) and u G V. This gives an action on the global sections yl3c(V)[-^l 
over C. Note that D{X E 6) = A E (Db), so this is indeed an action on cochain complexes. 

In the above definition, observe that the discrete action of on J2^(V) is algebraic if 
and only if V is a weight real variation of Hodge structure. 

Definition 2.10. Given a Zariski-dense representation p: 'Ki{X,jy) R{R), for R a pro- 
reductive pro-algebraic group, define an algebraic twistor filtration on the relative Malcev 
homotopy type {Y, by 

(y,y)^'^^' := (R X C* ^Ef^^M!, Specc^i'l^, O(i?))pllc0, 

in }lo(dgzASc* iR)*iGm)) , where 0(i?) is the local system of Definition 1.18, which is 
necessarily a sum of finite-dimensional semisimple local systems, and Gm C S acts via the 
ffi action of Definition 2.9. 

A Zariski-dense representation p: '!Ti{X,jy) R{M.) is equivalent to a morphism 
'UJi{X , jyY'^'^ ^ R oi pro-algebraic groups, where 'CUi{X, jyY'^'^ is the reductive quotient 
of the real pro-algebraic fundamental group 'udi[X, jy). [Sim2] effectively gives a discrete 
^^-action on 'dji{X, jyY^'^ , corresponding (as in [Pri4, Lemma 5.7]) to the ® action on 
semisimple local systems from Definition 2.8. This S'^-action thus descends to R if and 
only if 0(i?) satisfies the conditions of Definition 2.9. Moreover, the 5" "^-action is algebraic 
on R if and only if 0(i?) becomes a weight variation of Hodge structures under the ® 
action, by [Pri4, Proposition 5.12]. 

Definition 2.11. Take a Zariski-dense representation p: 7ri(X, jy) — ^ i?(M), for R a pro- 
reductive pro-algebraic group to which the 5^-action on vJi^X^jyY^'^ descends and acts 
algebraically. Then define an algebraic Hodge filtration on the relative Malcev homotopy 
type (F, by 

:= {R x C* ^EfiiM^ Specc*i-(X,0(i?))pl|c.), 
in Y{o{dgiAS.c*{R)*{S)), where the S-action is given by the 13 action of Definition 2.9. 
If the action descends to R but is not algebraic, we still have the following: 

Proposition 2.12. The algebraic twistor filtration (y, y)^'^^^^ of Definition 2.10 is 
equipped with a {S^Y -action (i.e. a discrete S^-action) with the properties that 

(1) the -action and Gm-actions commute, 

(2) the projection {Y,y)j'^^^ — >■ C* is S^-equivariant, and 

(3) -1 G acts as -1 G Gm- 

Proof. This is the same as the proof of [Pri4, Proposition 6.3]. The action comes from 
Definition 2.9, with t G {S^Y acting on ^^(0(i2))|D] hytm{a^v) = {toa)(g){t^ ®v). □ 

2.2. Higher direct images and residues. 

Definition 2.13. Let D"^ C X denote the union of all m-fold intersections of lo- 
cal components of the divisor D C X, and set D^™-) to be its normalisation. Write 
Vm '■ D^"^^ — )■ X for the composition of the normalisation map with the embedding of D™', 
and set C^"*) := u-^D'"+^. 

As in [Tim2, 1.2], observe that D"^ — is a smooth quasi-projective variety, isomor- 
phic to i:>(™) - CM. Moreover, £)M is a smooth projective variety, with C^™') a normal 
crossings divisor. 

Definition 2.14. Recall from [Dell] Definition 2.1.13 that for n G Z(n) is the lattice 
(27ri)"'Z, equipped with the pure Hodge structure of type (— n, — n). Given an abelian 
group A, write A{n) := A (g)^ Z(n). 
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Definition 2.15. On define e"^ by the property that e™(m) is the integral local 

system of orientations of D"^ in X. Thus e" is the local system eg defined in [Dell, 3.1.4]. 

Lemma 2.16. W^j^Z ^ i/^*e"*. 

Proof. This is [Dell, Proposition 3.1.9]. □ 
Lemma 2.17. For any local system V on X, there is a canonical quasi-isomorphism 

Resm ■■ g^ia^x (V) {D) ^ u,n*^'^m) (V ®R e^)[-m] 
of cochain complexes on X. 

Proof. We follow the construction of [Dell, 3.1.5.1]. In a neighbourhood where D is given 
locally by {^^{zi = 0}, with uj G i2/J(V), we set 

Res,Ti(w A cilog2;i A ... A dlogZm) ■= uj\jj(m) e(zi, . . . ,Zm), 

where e{zi, . . . , Zm) denotes the orientation of the components {zi = 0}, . . . , {zm = 0}. 
That Res^ is a quasi-isomorphism follows immediately from Lemmas 2.3 and 2.16. □ 

2.3. Opposedness. Fix a Zariski-dense representation p: 7ri(X,jy) — >■ i?(M), for R a 
pro-reductive pro-algebraic group. 

Proposition 2.18. If the -action on wi{X,jyy'^'^ descends to an algebraic action on R, 
then for the algebraic Hodge filtration (y, y)^^^^ of Definition 2.11, the R >4 S-equivariant 
cohomology sheaf 

J^'^{g4ff{Y,y)^'^^') 

on C* defines a pure ind-Hodge structure of weight a + b, corresponding to the ffl S -action 
on 

Proof. We need to show that H"(gr^^*(X, 0(i?))[[I?])|c* corresponds to a pure ind-Hodge 
structure of weight a + 5, or equivalcntly a sum of vector bundles of slope a -\- b. We are 
therefore led to study the complex gr^ j^^{0{R))lDj)\c* on X x C*, since 

}i%g4A'iX,0{R))m)\c* = }i^iX,g4J^{0{RmDj)\c*. 

In a neighbourhood where D is given locally by IJjl-^* = 0}' gi"^''2/^[[-^^l is the 
algebra generated by the classes [logl^il] [dloglzij] and [d'^ log |zi|] in gr{. Let C* C* 
be the etale covering of Definition 1.11. Now, d = ud -\- vd^ = {u -\- iv)d -\- {u — iv)d, so 
gr*^i2^ IDJ I is the gr'^J2/^|g;; -algebra generated by [log |zj|], cZ[log |zi|], [dlogz]. 

Since j2^(0(i?))|L»l = J2^(0(E)) (8)^jj -^JPl, we have an S'-equivariant quasi- 
isomorphism 

J^iOiR)) gi'^^{D)\^^ ^ gr' J^{0{R))lD}\^„ 

as the right-hand side is generated over the left by [log |2;j|],d[log \ zi\\. 
Now, Lemma 2.17 gives a quasi-isomorphism 

Resf,: =<(0(i?)) gxi£^^{N){D) ^ z/^^^x ®Rec)[-bl 

and the right-hand side is just 

Vb*^'oi>.){0{R) C^R ei)[-b]. 

Therefore 

gr,^<(0(i?))pl|^ u,,J^,,,{0{R) ®M 4)[-b]lc- 
and in particular Res^ defines an isomorphism 

H«(gr,^i«(X,0(i?))pl|^)^H«-^(i«(DW,0(i?) ®m4)Ic^)- 
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As in [Pri4, §1.1.2], we have an etale pushout C* = C* U^^, S of affine schemes, so 
to give an isomorphism =^ — > ^ of quasi-coherent sheaves on C* is the same as giving 
an isomorphism / : — )• ^Ig;; such that f\scx sense that / = / on 

5c. Since (ilogjzj| = (n + iv)dlogZi + (u — iv)dlogZi is a boundary, we deduce that 
[i{u — iv)~^dlog Zi] ~ [—i{u + iv)''^dlogZi], so 

— iv)''Kesb = (u — iv)^liesb, 

making use of the fact that e'' already contains a factor of i'^ (coming from Z(— 6)). 
Therefore {u — zv)^Resf, gives an isomorphism 

H«(grffi'(X,0(i?))pl)|c. =H'^-''(i'p('\0(i?) 0Me^))|c- 

Now, dlogZi is of type (1, 0), while is of type (6, b) and (it — iv) is of type (0, —1), so it 
follows that {u — iv)^Kesb is of type (0, 0), i.e. S-equi variant. 

As in [Pri4, Theorem 5.14], inclusion of harmonic forms gives an S-equivariant isomor- 
phism 

which is a pure twistor structure of weight (a — b) + 2b = a + b. Therefore 

jr»(gr,^i^]^(0(i?))pl|c*) = ii''-\D^''\0{R) ®M e') ® ^c* 
is pure of weight a + b, as required. □ 

Proposition 2.19. For the algebraic twistor filtration {Y,y)j'^^^^ of Definition 2.10, the 
R X G^-equivariant cohomology sheaf 

J^%g4&{Y,y)^^^^') 

on C* defines a pure ind-twistor structure of weight a + b, corresponding to the canonical 
Gm- action on 

H«-^(L>W,0(i?) ®M £^). 



Proof. The proof of Proposition 2.18 carries over, replacing S'-equivariance with G^- 
equivariance, and Theorem 5.14 with Theorem 6.1. □ 

Proposition 2.20. // the -action on wi{X,jyy*^'^ descends to R, then the associated 
discrete S^-action of Proposition 2.12 on J^"(gr^ ^(X, corresponds to the 11 action 

of C S (see Definition 2.9) on 

Proof. The proof of Proposition 2.18 carries over, replacing S-equivariance with discrete 
5-equivariance. □ 



Theorem 2.21. There is a canonical non-positively weighted mixed twistor structure 

^MTS 



{Y^y)^}^^"^ on (y, y)^'^*^^, in the sense of Definition l.i 



Proof. On &{Y,y)^'^''^ = A'{X,0{R))\D\\c'' , wc define the filtration Dec J by 

(Dec J),(^(y,y)^'^"y = {a G J,_„(^(y, y)^'^'^^ : Da G J,_„_i(^(y, 

For the Rees algebra construction ^ of Lemma 1.1, we then set ^(y, y)^'^*^^ € 
L»GzAlgj^ixc*(-R)*(Mati X Gm) to be 

noting that this is flat and that {X,x)^^^^ Xai,i SpecM = {Y,y)^'^'^^, so 
{X,x)^^i' x&ixc*),(i,i) SpecM :^ (X,x)«'^^. 
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We define gr(X, a;)^'^|f' G dc/zAff(i?)*(Mati) by 

gr(X, x)™ = Spec (0 R''-\d(>'\0{R) 0m e')[-a],di), 

a,b 

where di : B."-'' {D^'>\ 0{R) (^rs'') ^ R''-''+^{D^''-^\0{R) (^rs''-^) is the differential in 
the El sheet of the spectral sequence associated to the filtration J. Combining Lemmas 
2.16 and 2.17, it follows that this is the same as the differential W-^{X,'R''j^j-'^0{R)) 
H"-''+2(X, K''-'^j^j~^0{R)) in the E2 sheet of the Leray spectral sequence for j :¥ ^ X. 
The augmentation 0„ ;,H"-''(i:»(''),O(i?) (g)R e'') 0{R) is just defined to be the unique 
ring homomorphism H°(X,0(i?)) = R ^ 0{R). 

In order to show that this defines a mixed twistor structure, it only remains to establish 
opposedness. Since {X,x)^^g^ is fiat, 

(^>^)mts'' Xai,o SpecM ~ Xai,o SpecR, 

and properties of Rees modules mean that this is just given by 

Specc*(gr°^'-^^(l^,y)?'^^') e d5zAffc*(i?)*(Mati x G^), 

where the Mati-action assigns gr^'^'^*^ the weight n. 

By [Dell, Proposition 1.3.4], decalage has the formal property that the canonical map 

gr^-V(y,y)?'^^^) ^ (0 jr«(gr;:_„^(y,y)^'^^')[-a],di) 

a 

is a quasi-isomorphism. Since the right-hand side is just 

(0H2«-" 0(i?) C^M e"-'')[-a],(ii) ^ ffc* 

a 

by Proposition 2.19, we have a quasi-isomorphism 

(gr(X,x)^'^s'') X C* = (^>^)mts'' x^i,o SpecM. 

That this is (Mati x G^)-equivariant follows because H^"-" (D 0(i?) ®r e""") is of 
weight 2a — n + 2(n — a) = n for the action, and of weight n for the Mati-action, being 

p,„Dec J I I 

Theorem 2.22. // the local system on X associated to any R-representation underlies a 
polarisable variation of Hodge structure, then there is a canonical non-positively weighted 
mixed Hodge structure {Y,y)MHS^ "'^ {Y,y)^'^^^, in the sense of Definition 1.23. 

Proof. We adapt the proof of Theorem 2.21, replacing Proposition 2.19 with Proposition 
2.18. The first condition is equivalent to saying that the action descends to R and is 
algebraic, by [Pri4, Proposition 5.12]. We therefore set 

^{y^ y)^^t ■■= my, y)^'"^^', Dec j), 

for {Y,y)^^^^ as in Definition 2.11, and let 

gr(X, x)^^s"' = Spec (0 H«-''(i^W, 0(i?) ®m e'')[-a],di), 

a,b 

which is now in dgz-^S(R)^,{S), since 0(i?) is a sum of weight VHS, making 

jja-fe(-^(fo)^(Q)^^-) (g)M e'') a weight a-b + 2b = a + b Hodge structure, and hence an 5- 

representation. □ 

Proposition 2.23. // the discrete -action on wi{X,jyy^'^ descends to R, then there 
are natural {S^Y -actions on (y, ?y)^',^,g^' and gT{Y,y)^^g^ , compatible with the opposedness 
isomorphism, and with —IeS^ acting as —1 E G^. 
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Proof. This is a direct consequence of Proposition 2.12 and Proposition 2.20, since the 
Rees module construction transfers the discrete S'^-action. □ 

2.4. Singular and simplicial varieties. 

Proposition 2.24. If Y is any separated complex scheme of finite type, there exists a 
simplicial smooth proper complex variety X,, a simplicial divisor D, C X, with normal 
crossings, and a map {X, — D,) — >■ Y such that \X, — D,\ Y is a weak equivalence, 
where \Z,\ is the geometric realisation of the simplicial space Z,{C). 

Proof. The results in [Del2, §8.2] and [SD, Propositions 5.1.7 and 5.3.4], adapted as in 
[Pri4, Corollary 9.3], give the equivalence required. □ 

Definition 2.25. Given a simplicial diagram X, of smooth proper varieties and a point 
x G Xq, define the fundamental group ti7i(|X, |, a:)°°''™ to be the quotient of G7i(|X,|, x) by 
the normal subgroup generated by the image of K-a'!^i{Xo,x). We call its representations 
normally semisimple local systems on \X,\ — these correspond to local systems V (on the 
connected component of \X\ containing x) for which Qq^Y is semisimple, for uq : Xq — >■ 

Then define to be the reductive quotient of Its 

representations are semisimple and normally semisimple local systems on the connected 
component of \X\ containing x. 

Definition 2.26. U X, ^ X is any resolution as in Proposition 2.24, with xq e Xq 
mapping to x £ X, we denote the corresponding pro-algebraic group by wi{X , x)'^°^'^ := 
ti7i(|X,|, xo)°°™, noting that this is independent of the choices X, and xo, by [Pri4, Lemma 
9.5]. 

Proposition 2.27. If X is a proper complex variety with a smooth proper resolution 
a : X, X , then normally semisimple local systems on X, correspond to local systems on 
X which become semisimple on pulling back to the normalisation tt : X""™ —^X of X. 

Proof This is [Pri4, Proposition 9.7]. □ 

Proposition 2.28. If X, is a simplicial diagram of compact Kdhler manifolds, then there 

is a discrete action of the circle group on vcii{\X,\,x)^°^^ , such that the composition 
S"^ X 'Ki{X,,x) — ■wi{\X,\,x)"°""{M.) is continuous. We denote this last map by \fh : 

This also holds if we replace X, with any proper complex variety X. 

Proof. This is [Pri4, Proposition 9.8). □ 

Definition 2.29. Recall that the Thom-Sullivan (or Thom-Whitney) functor Th from 
cosimplicial DG algebras to DG algebras is defined as follows. Let n(|A"'|) be the DG 
algebra of rational polynomial forms on the n-simplex, so 

0(1 A"|) = Q[to, . . . , tn, rfio, ■ ■ ■ , dtn]/{l - 

i 

for ti of degree 0. The usual face and degeneracy maps for simplices yield di : Q{\A'^\) — >■ 
J^(|A"-i|) and ai : J^(|A"|) ^ f^(|A"-^|), giving a simplicial DGA. 

Given a cosimplicial DG algebra A" (with the first index denoting cosimplicial structure 
and the second, DG) , we then set 

Th(^) := {a G JJA"* ® 0(|A"|) : a>„ = diUn+u f^>n = a-ja„_i Vi, j}. 
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Now, let X, be a simplicial smooth proper complex variety, and Z), C X, a simplicial 
divisor with normal crossings. Set Y, = X, — D,, assume that \Y,\ is connected, and pick 
a point y G |y,|. Let j : |y,| — )■ \X,\ be the natural inclusion map. 

Using Proposition 2.24, the following gives mixed twistor or mixed Hodge structures on 
relative Malcev homotopy types of arbitrary complex varieties. 

Theorem 2.30. // R is any quotient of wi{\X,\, jy)'^"^™^'^'^'^ (resp. any quotient to 
which the {S^Y -action of Proposition 2.28 descends and acts algebraically), then there 
is an algebraic mixed twistor structure (resp. mixed Hodge structure) (|^«|, y)MTS^' (resp. 
(|y,|, on the relative Malcev homotopy type (|y,|, y)^'^'^^^. 

There is also a canonical Gm-equivariant (resp. S-equivariant) splitting 

A' X (gr(|y.|^'^^\0)MTs) X SL2 ^ (|y.|,y)STs'' X^.,,„^^ SL2 



X (gr(|y.|^'^^-\0)MHs) X SL2 {{Y.ly)^^^' x^.,,„„^ SL2) 
on pulling back along rowi : SL2 C* , whose pullback over G is given by the 
opposedness isomorphism. 

Proof. We adapt the proof of [Pri4, Theorem 9.12]. Define the cosimplicial DGA 
A{X„0{R))lD4 on C by n A*{Xn,0{R))lDnj, observing that functoriality ensures 
that the cosimplicial and DGA structures are compatible. This has an augmentation 
(jy)* : A(X„0{R))lD,j 0{R) ® 0(C) given in level n by ((ao)"x)*, and inherits a 
filtration J from the DGAs 0(i?))|r>„]|. 

Wc then define the mixed Hodge structure to be the object of dg-zAff^i ^c* (Mati xRxS) 
given by 

I^.Imhs'' ■■= (Spec Th^(i(X.,0(i?))p.l, Dec Th(J))) XcC*. 
I^'Imts^' is defined similarly, replacing S with Gm- The graded object is given by 
g£l^.|fiHs'' = Spec(ThH*(X.,0(i?))) G dgzAS{R x S), 

with grlY,!^'^*^^ given by replacing S with Mati. 

For any DGA B, we may regard 5 as a cosimplicial DGA (with constant cosimplicial 
structure), and then Th (B) = B. In particular, Th {0{R)) = 0{R), so we have a basepoint 
SpecTh((jy)*) : A^ x R x C* ^ |n|MHs"'. giving 

(I^.U)mhs'' e d5zAffAixc*(^)*(Mati x S), 

and similarly for ly.lMTS*'- 

The proofs of Theorems 2.22 and 2.21 now carry over. □ 

3. Algebraic MHS/MTS for quasi-projective varieties II — non-trivial 

MONODROMY 

In this section, we assume that X is a smooth projective complex variety, with Y = 
X — D (for D still a divisor locally of normal crossings). The hypothesis in Theorems 
2.21 and 2.22 that i? be a quotient of wi{X,jy) is unnecessarily strong, and corresponds 
to allowing only those semisimplc local systems on Y with trivial monodromy around the 
divisor. By [Mod], every semisimple local system on Y carries an essentially unique tame 
imaginary pluriharmonic metric, so it is conceivable that Theorem 2.21 could hold for any 
reductive quotient R of wi ( y, y) . 

However, Simpson's discrete S'^-action on wi{X,jyy^'^ does not extend to the whole 
of wiiY^yY'^'^ , but only to a quotient '^wiiY^yY'^'^ . This is because given a tame pure 
imaginary Higgs form 6 and A G 5^, the Higgs form is only pure imaginary if either 
A = ±1 or ^ is nilpotent. The group '^w\{Y, yY^"^ is characterised by the property that its 
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representations are semisimple local systems whose associated Higgs form has nilpotent 
residues. This is equivalent to saying that '^■ci7i(Y, ?/)''^'^-representations are semisimple 
local systems on Y for which the monodromy around any component of D has unitary 
eigenvalues. Thus the greatest generality in which Proposition 2.23 could possibly hold is 
for any S'^-cquivariant quotient R of '''uui{Y,yy'^^. 

Denote the maximal quotient of '^wi{Y, yY^'^ on which the S'-'^-action is algebraic by 
^^^zui{Y,y). Arguing as in [Pri4, Proposition 5.12], representations of^^^-cui(Y,y) corre- 
spond to real local systems underlying variations of Hodge structure on Y, and represen- 
tations of ^^^wi{Y,y) X correspond to weight real VHS. The greatest generality in 
which Theorem 2.22 could hold is for any S'^-equivariant quotient R of ^^^wi{Y,yy^'^. 

Definition 3.1. Given a semisimple real local system V on Y, use Mochizuki's tame 
imaginary pluriharmonic metric to decompose the associated connection D : £/^{Y) — t- 
■e^(V) as D = d'^ + 1} into antisymmetric and symmetric parts, and let D'^ := iod+ — iod. 
Also write D' = d + 9 and D" = d + 9. Note that these definitions are independent of 
the choice of pluriharmonic metric, since the metric is unique up to global automorphisms 
T{X, Aut(V)). 

3.1. Constructing mixed Hodge structures. We now outline a strategy for adapting 

Theorem 2.22 to more general R. 

Proposition 3.2. Let R be a quotient of^^^wi{Y,y) to which the -action descends, 

and assume we have the following data. 

• For each weight real VHSY on Y corresponding to an Ryi -representation, an 
S-equivariant ^.-linear graded subsheaf 

on X, closed under the operations D and D^. This must be functorial in Y, with 

- ^*{Y®Y') = ^*{Y) e 3r*{Y'), 

- the image of ST* (y)® ST* (y') A i*^^(V(8) V) C contained in 3r*(y®Y'), 
and 

- 1 e 

• An increasing non-negative S-equivariant filtration J of ^*{Y) with Jr,S^^(Y) = 
5'"(V) for all n < r, compatible with the tensor structures, and closed under the 
operations D and D^. 

Set FP£r'{Y) := ^'(V) n FP£/'{Y,Y)c, where the Hodge filtration F is defined in the 
usual way in terms of the S -action, and assume that 

(1) The map — j*=!2^(V)c is a quasi-isomorphism of sheaves on X for all Y. 

(2) For all i / r, the sheaf {gij ST* {Y)) on X is 0. 

(3) For all a, b and p, the map 

U^+b(^X,FPgTi^*{Y)) ^ H'^(X,R^j;V)c 

is infective, giving a Hodge filtration Ff'H"(X, R^j^,V)c which defines a pure ind- 
Hodge structure of weight a -\-2b on H"(X, R^j^V). 

Then there is a non-negatively weighted mixed Hodge structure (^!y)MHS*'' with 
i£(^>2/)MHs'' ^ Spec(0H'^(X,R''i,O(iZ))[-a - b\,d2), 

a,h 

where W^{X,'Rf' j^,0{R)) naturally becomes a pure Hodge structure of weight a 2b, and 
d2: H«(X,R''>0(i?)) ^ H"+2(X,R''-ij*0(i?)) is the differential from the E2 sheet of the 
Leray spectral sequence for j . 
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Proof. Wc proceed along similar lines to [Mor]. To construct the Hodge filtration, we first 
define ^'(V) C j*=(2^(V)c to be the subcomplex on the graded sheaf =^*(V) (g) 0(C), then 
let (^w{0{R)) be the homotopy fibre product 

{^'{0{R)) 0o(C)^c 0{C*)) xlj.^om^^,c^ois)m U*<mR)) ®o(C) 0{S)) 

in the category of i? xi S-equivariant DGAs on X x C^^,,:, quasi-coherent over C*. Here, 
we are extending ^* to ind-VHS by setting ^*(lin^^ Vg) := lin^^ ^*{Ya), and similarly 

for 

Explicitly, a homotopy fibre product C F is defined by replacing C ^ D with a 
quasi-isomorphic surjection C -» D, then setting C F := C' Xjj F. Equivalently, we 
could replace F ^ D with a surjection. That such surjections exist and give well-defined 
homotopy fibre products up to quasi-isomorphism follows from the observation in [Pri4, 
Proposition 3.45] that the homotopy category of quasi-coherent DGAs on a quasi-affine 
scheme can be realised as the homotopy category of a right proper model category. 

Observe that for co-ordinates u,v on C as in Definition 1.3, 

#*(0(i?))®o(C)®cO(C*) ^ i^FP^'iOiR)){u + iv)-n[{u-iv),{u-ivr^], 

while (j*j2^(0(i?)) <^o{C) 0(8)) = j*^^{0{R)) (g) 0{S) (with the same reasoning as [Pri4, 
Lemma 2.4]). 

Note that C* XcC* ^C*USc, so Sf{OiR))\^, is 

c.[^-(0(i?))|^. © j.<(0(i?))|5j x|;.^^^(o(«))|.,e>^;(0(«))|.j [j*<mR))\se 
:^#'(0(i?))|^. 

Similarly, ^v{OiR))\s j,J^{Q{R)) ®o{C) 0{S). 

If we let C*(X, — ) denote either the cosimplicial Cech or Godement resolution on X, 
then the Thom-Sullivan functor Th of Definition 2.29 gives us a composition Th oC*(X, — ) 
from sheaves of DG algebras on X to DG algebras. We denote this by Rr(X, — ), since it 
gives a canonical choice for derived global sections. We then define the Hodge filtration 
by 

^(y,2/)^'^^"^= Rr(x,<fF(o(it;))) 

as an object of Yio{DGi^^gc*{R)*{S))- Note that condition (1) above ensures that the 
pullback of (y, over 1 G C* is quasi-isomorphic to SpecRr(X, j*=e^(0(i?)). Since 

the map 

A*{Y,0{R)) Rr(X, j*^5^(0(i?)) 

is a quasi-isomorphism, this means that {Y,y)^'^^ indeed defines an algebraic Hodge 
filtration on {Y,y)^'^''\ 

To define the mixed Hodge structure, wc first note that condition (2) above implies that 

(#'(0(i2)) ®o(C) 0{S),t) ^ {,f'{0{R)) ®o{c) 0(3), J) 

is a filtered qTiasi-isomorphism of complexes, where r denotes the good truncation filtra- 
tion. Wc then define €?(y, y)^iHg^^ to be the homotopy limit of the diagram 

^(Rr(X,=#'(0(i?))|^),DecRr(J))-— ^(Rr(X,^'(^^^ 
^(Rr(X, ^•(0(i?))|5c),DecRr(r))— -C(Rr(X,i,< 
^(Rr(X,i,<(0(i?))|5),DecRr(r)) 
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which can be expressed as an iterated homotopy fibre product of the form Ei x^^E^x E^ . 
Here, ^ denotes the Rees algebra construction as in Lemma 1.1. The basepoint 
jy € X gives an augmentation of this DG algebra, so we have defined an object of 
Ho(L'GzAlgAi^c*(^)*(Mati x S)). 

Conditions (2) and (1) above ensure that the second and third maps in the diagram 
above are both quasi-isomorphisms, with the second map becoming an isomorphism on 
pulling back along 1 G (corresponding to forgetting the filtrations). The latter obser- 
vation means that we do indeed have 



Setting gr(y, 2/)mhs^^ ^ ™ statement above, it only remains to establish opposedness. 

Now, the pullback of ^(M, W) along G is just gr^M. Moreover, [Dell, Proposition 
1.3.4] shows that for any filtered complex (M, J), the map 

g,DecJ^ ^ (0H"(gr,^M)[-a],d5^) 

a,b 

is a quasi-isomorphism, where d{ is the differential in the Ei sheet of the spectral sequence 
associated to J. Thus the structure sheaf of y)MHS^^ o SpecR is the homotopy 
limit of the diagram 

(e„,,M»(X,gr,^#'(0(i?))|^J[-a],<)— ^ 

{ea,b'^''iX,K'MO{R))\s)[-a],d2) " 

where d2 denotes the differential on the E2 sheet of the spectral sequence associated to a 
bigraded complex. 

The second and third maps in the diagram above are isomorphisms, so we can write W 
as the homotopy fibre product of 

(e,,,IH'^+''(X,gr,^#«(0(i?))|^)[-a - - (e„,, H«(X, R''i.(0(i?))|5e)[-a - 6], ^2) 

(e„,,H-(X,R^j;(0(i?))|s)[-a - b],d2) " 

By condition (3) above, ]HI"(X, R^j*(0(i?)) has the structure of an S'-representation of 
weight a + 2b — denote this by E"-^, and set E := (0^ ^ ^2). Then we can apply 
Lemma 1.8 to rewrite ^ as 

(0 FP{E ^ C){u + ivrna^ - iv), - ivr'] XmoiSc) ^ ® 0{S). 



Since 0^^^ FP{E (g) C){u + iv)-P)[{u - iv), {u - iv)-^] ^E^ 0{C*), this is just 

E^{0{C*) x^o(Sc) 0{S)) ^E(^&{C% 
as required. □ 

3.2. Constructing mixed twister structures. Proposition 3.2 does not easily adapt 
to mixed twistor structures, since an S-equivariant morphism M ^ N oi quasi-coherent 
sheaves on S is an isomorphism if and only if the fibres Mi — > N\ are isomorphisms of 
vector spaces, but the same is not true of a Gm-equivariant morphism of quasi-coherent 
sheaves on S. Our solution is to introduce holomorphic properties, the key idea being that 
for t the co-ordinate on S'\ the connection t®D: ^^^(V) O 0(5"^) ^ s^fiY) ® O(S'i) does 
not define a local system of 0(S'^)-modules, essentially because iterated integration takes 
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US outside 0{S^). However, as observed in [Siml, end of §3], t® D defines a iiolomorpiiic 
family of local systems on X, parametrised by S'^(C) = C^. 

Definition 3.3. Given a smooth complex affine variety Z, define 0{Z)^°^ to be the ring of 
holomorphic functions /: Z(G) — >■ C. Given a smooth real affine variety Z , define 0{Zy^°^ 
to be the ring of Gal(C/M)-equivariant holomorphic functions /: Z{C) — )• C. 

In particular, 0{S^)^"^ is the ring of functions / : — t- C for which f{z) = f{z~^), or 
equivalently convergent Laurent series ^ng^dn^" for which a„ = a_n- 

Definition 3.4. Given a smooth complex variety define s^y^^^ to be the sheaf 
on y X Z{C) consisting of smooth complex functions which are holomorphic along Z. 
Write ■= s^yG^^, and, given a local system V on Y, set ^5?^|°'(V) := 

Given a smooth real variety Z, define s^yG^"^ to be the Gal(C/M)-equivariant sheaf 
■e^y ^Zc oil ^ ^ -^(C^)' where the the non-trivial element a G Gal(C/M) acts by z) = 

f{y,o-z)- 

Definition 3.5. Define P := C*/Gm and P := C*/Gm- As in Definition 1.19, we have 
= S/Gm, and hence a canonical inclusion ■-^ P (given by cutting out the divisor 
{{u : v) : + = 0}). For co-ordinates u,v on C as in Definition 1.3, fix co-ordinates 
t = ^ onP,anda = 4^4, b = on (so a^ + b'^ = 1). 

Thus P = and P = A^, the latter isomorphism using the co-ordinate t. The 

canonical map P — t- P is given by 1 1— )■ (l+t : i—it), and the map — t- P by (a, b) i— a+ib. 
Also note that the etale pushout C* = C* VJsc ^ corresponds to an etale pushout 

where S"^ = Gm,<c is given by the subschcmc t 7^ in Aj.. Note that the Gal(C/M)-action 
on C[t, given by the real form is determined by the condition that the non-trivial 
element cr G Gal(C/M) maps t to t~^. 

Definition 3.6. Define (V) to be the sheaf 0„>o (V)^pP^(n) of graded algebras on 
Y X P(C), equipped with the differential uD + vD'^, where u,v e r(P, ^p(l)) correspond 
to the weight 1 generators u,v e 0{C). 

Definition 3.7. Given a polarised scheme {Z, Gz(l)) (where Z need not be projective), 
and a sheaf ^ of ^z-modules, define r(^) := 0^^^ r(Z, =^(n)). This is regarded as a 
Gm-representation, with T{Z,^{n)) of weight n. 

Lemma 3.8. The Gm-equivariant sheaf s^y^) of 0{C) -complexes on Y (from Definition 
2.7) is given by 

j^(V) ^r(P(C),^^(V)(n))^^'(^/^). 

Proof. We first consider r(P(C), =(2^(V)). This is the sheaf on Y which sends any open 
subset U d Y to the ring of consisting of those smooth functions f:Ux pi(C) — t- C 
which are holomorphic along P^(C). Thus for any y G U, f{y,—) is a global holomorphic 
function on pi(C), so is constant. Therefore r(P(C), j^9(V)) = (g) C. 

For general n, a similar argument using finite-dimensionality of r(P-^(C), ^(n)^°^) shows 
that 

r(P(C),^^(V)(n)) ^ ® r(P(C), Gp{n)^°^). 

Now by construction of P, we have r{P{C), Gp{n)^°^) = 0{C) C with the grading 
corresponding the the G^-action. Thus 

r(P(C),^^(V)(n))^^('^/^) ^ ^^(V). 
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Since the differential in both cases is given by uD + vW^, this establishes the isomorphism 
of complexes. □ 

Definition 3.9. On the schemes and P, define the sheaf ^(1) by pulling back ^p(l) 
from P. Thus the corresponding module A{1) on Spec A is given by 

^(1) = A{u,v)/{t{u - iv) - (u + iv)). 

Hence ^p(l) = ^p{u — iv) and ^51 (1) (g) C = ^51 (g) C{u — iv) are trivial line bundles, but 
^51(1) = ^51 {u, v)/{au + bv — u,bu — av — v). 

Proposition 3.10. Let R be a quotient of zui{Y,yy^^, and assume that we have the 
following data. 

• For each finite rank local real system Y onY corresponding to an R-representation, 
a flat -submodule graded subsheaf 

closed under the operations D and D'^. This must be functorial in Y, with 

- ^* (V e Y') = ^* (V) e ^* (Y') , 

- the image of J'* (Y) ^ ^* {Y') A- j*^^(V(8) V) C contained in ^*{Y^Y'), 
and 

- 1 G ^*{R). 

• An increasing non-negative filtration J of ^*{Y) with Jf.=3^"(V) = S^'^{Y) for all 
n < r, compatible with the tensor structure, and closed under the operations D and 
D". 

Set ^'(y) C jifS^Y^) complex on X X P{C) whose underlying sheaf is 

©n>o '^'^(V) (Si^o £^^ff)?\n), and assume that 

(1) For S^{C) C P{C), the map ^*{Y)\gi(^Q ~^ i*-'^y (V)l5i(C) ^ quasi-isomorphism 

of sheaves of i^^f^ -modules on X x S^{C) for all Y. 

(2) For all i / r, the sheaf je\g4 {Y)\s) of ff^'^f -modules on X x 5^(C) is 0. 

(3) For all a,b>0, the Gal{C /E.)-equivariant sheaf 



ker(M»(X,gr,^#'(V))|p(c) ©^*II"(^,gr6^=^*(V))|p(c) ^ H«(X, jr^(i,^^(V)))| 51(c)) 

is a finite locally free -module of slope a + 2b. 
Then there is a non-negatively weighted mixed twistor structure {Y, y)MTS^^ 

g£(^'y)MTs'' - Spec(0H"(X,R^i,O(i2))[-a - b^d^)^ 

a,b 

where H"(X, R''j*0(ii)) is assigned the weight a + 2b, and ^2: R"'{X,R''j^O{R)) 
H"+^(X, R''~^_7*0(i?)) is the differential from the E2 sheet of the Leray spectral sequence 
for j. 

Proof. Define i^(y, y)^'^*^' to be the homotopy fibre product 

m:{x,nP{^)^^\om))><^^^^,,^_^^^^^^^ 
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as an object of }io{DGzAlgQ,{R)^{Gm)), and let ^(^)y)MTS^ be the homotopy limit of 
the diagram 

C(Rr(X,r(P(C),#*(0(i?)))),DecRr(J)) 

I 

C(Rr(X, r{S\C), =#*(0(i?)))), Dec Rr( J)) 

t 

^(Rr(X,r(5i(C),^'(0(i?)))),DecRr(r)) 

I 

e(Rr(X, i,r(Si(C), ^^(0(i?)))), Dec Rr(r)) 

f 

e(Rr(X, j,r(5HC), <(0(i?))))G^i™), Dec Rr(r)) 

as an object of Ho(L'GzAlg^ixc* (i?)*(Mati x Gm))- Here, we are extending to ind- 
local systems by setting ^•(lin^^ V^) := lin^^^ '^'(V^), and similarly for J^*. 

Given a Gal(C/M)-equivariant sheaf of €?'p°'-modules on X x P{C), the group co- 
homology complex gives a Gal(C/R)-equivariant cosimplicial sheaf C*(Gal(C/M), ^) on 
X X P(C) — this is a resolution of with C°(Gal(C/M), = ^ cr*#. Applying the 
Thom- Whitney functor Th , this means that 

Th C' (Gal(C/M) , i;/^^ (V) ) 

is a Gal(C/M)-equivariant ^p°^-DGA on X x P{C), equipped with a surjection to 

This allows us to consider the Gal(C/M)-equivariant sheaf of ^^°'-DGAs on P(C) 
given by the fibre product of 

(#'(0(i?)))|p(c)®^*=^*(0(i?))|p(c)) (j.J^iOiR)) © a*j,J'iOiR)))\si(c) 

Th €• (Gal (C/M) , j.i/,? (0(i?) )) 1 51 (c) . 

Note that since the second map is surjective, this fibre product is in fact a homotopy fibre 
product. In particular, 

^(F,y)^'^''' ~ Rr(X,r(P(C),.^^)^^^('^/^))|c;-. 

Now, r(P(C), — ) gives a functor from Zariski sheaves o ^p°^-modules to 0(C)-modules, 
and we consider the functor r(P(C), — )|c* to quasi-coherent sheaves on C*. There is a 
right derived functor Rr(P(C),— ); by [Ser], the map 

r(p(c),^)|c* ^ Rr(P(C),=^)|c* 

is a quasi-isomorphism for all coherent ^p°'-modules Given a morphism f : Z ^ Pc 
of polarised varieties, with Z afiine, and a quasi-coherent Zariski sheaf of ^^"'-modules on 
Z, note that 

Rr(p(c),/*^) ~ Rr(P(C),R/,^) ~ Rr(z(c),^) ~ r(z(c),^). 

There are convergent spectral sequences 

B.''{P{C),J^f\^l){n)) =^ H«+^(P(C),^;(n)) 

for all n, and Condition (3) above ensures that J^^{3§') is a direct sum of coherent sheaves. 
Since ffRr(P(C), = ^^^2^M.^{P{C),^:;.{n)), this means that the map 

r(p(c),^;)|c* ^ Rr(P(c),^;)|c* 

is a quasi-isomorphism. Combining these observations shows that 

ff{Y,y)^'^^^ ~ Rr(x,Rr(p(c),^^))^^'(^/^)|c*. 



22 



J.P.PRIDHAM 



In particular, 

0^^. 0{Gm) ^ Rr(X,r(SpecC,^^ ®^hoi,(i:o) 
is a quasi-isomorphism, and note that right-hand side is just 

Rr(X, ®^hoi^(i^o) c)G^^(^/^)) ® O(G^), 
which is the homotopy fibre 

Rr(x [.'r-(o(i?)) xj^^^(^(^))^c j;^;(o(i?))]), 

and hence quasi-isomorphic to Rr(X, j*^y (0(i?))) by condition (1) above. This proves 
that 

(y,y)?'^^'x^.,i SpecR^(y,y)«'^^, 
so {Y,y)^'^^ is indeed a twistor filtration on (y, y)^''^^'. 

The proof that ff{Y, y)^ ^(y, y)MTS^ ®ff i i Spec M follows along exactly the same 
lines as in Proposition 3.2, so it only remains to establish opposcdness. 

Arguing as in the proof of Proposition 3.2, we see that the structure sheaf ^ of 
gr(y, y)^',^g^' x^i Q SpccM is the homotopy fibre product of the diagram 

(e„_,r(P(C),H«+''(X,gr,^#-(0(i2))))[-a - 

I 

t 

(e„,6i:(5i(C),H-(x,j^^(j;M'(0(i?)))))Gai(c/M)[_„_^,]^^2)^ 

as a (Mati x R x Gm)-equi variant sheaf of DGAs over C*. 

Set gr^^Hg to be the sheaf on P(C) given by the fibre product of the diagram 



Iia+0(x,gr,^^-(O(i?)))|p(c) © ^*H«+''(^,gr6^=^-(0(i?))|p(c)) 

\ 

t 

ThC'(Gal(C/]R),H»(X,^''0,i/^(O(i?))))|si(c), 

and observe that 

^ ^ (0r(P(C),gr^S^Hs)^^^^'^/^^lc*,rf^)- 

a,b 

Now, gr^^MHS j^^* homotopy fibre product of 



M-+\X,g4^'{0{R)))\p^^^ © a*]H-+''(X,gr|f^-(0(ii))|p(c)) 

I 

H«(x,^^(j;^/5^(0(i?)))) © f7*H'^(x,^''0,^^(O(i?))))|5i(c) 

f 

H«(X,Jf"'(i,^^(0(i?))))|5i(c); 

condition (1) ensures that the first map is injective, so S^-^j^ng is quasi-isomorphic to the 
kernel of 



m''{x,gvi^'{0{R)))\p^c)®^*m-ix,gTi£r'{o{Rmp^c)^'^"^ 

By condition (3), this is a holomorphic vector bundle on P(C) of slope a + 2b. 
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Now, we just observe that for any holomorphic vector bundle ^ of slope m, the map 
r(P(C), m)) — >■ 1*^, given by taking the fibre at 1 G -P(K), is an isomorphism of 
complex vector spaces, and that the maps 

r(P(C), =^(-m)) ® r(P(C), e(n)) r(P(C), ^{n - m)) 

are isomorphisms for n > 0. This gives an isomorphism 

r(p(c),=^)|c* = (1*=^) (8 ^c* 

over C*, which becomes Gj„-equivariant if we set 1*^ to have weight m. 
Therefore 

r(P(C),gr^^^Hs)l?'^''^^^ = H«(X,R''j;0(i?)) ^c*, 
making use of condition (1) to show that H"(X, Ji}'j^O{R)) ® C is the fibre of gr^MHS 
1 G P(]R). This completes the proof of opposedness. □ 

Proposition 3.11. Let R be a quotient of '^vui{Y, yy'^'^ to which the discrete -action 

descends, assume that the conditions of Proposition 3.10 hold, and assume in addition that 
for all X € , the m,ap maps ,3^(V) isomorphically to ^(-r® 

V). Then there are natural (S^Y -actions on (X,y)^i^s^ CL^d gr{Y,y)^^^^ , compatible with 
the opposedness isomorphism, and with the action of —I G coinciding with that of 
-1 G Gm- 

Proof. The proof of Proposition 2.23 carries over, substituting Proposition 3.10 for Theo- 
rem 2.21. □ 

3.3. Unitary monodromy. In this section, we will consider only semisimple local sys- 
tems V on y with unitary monodromy around the local components of D (i.e. semisimple 

monodromy with unitary eigenvalues), 

Definition 3.12. For V as above, let ^{Y) C j*=!2/°(V)(8)C consist of locally L2-integrable 
functions for the Poincare metric, holomorphic in the sense that they lie in keiB, where 

D = d + d-\-e-\-e. 

Then set 

where denotes the sheaf of holomorphic functions on X. 

The crucial observation which we now make is that s^^(Y){D) is closed under the 
operations D and D'^. Closure under B is automatic, and closure under d follows because 
Mochizuki's metric is tame, so d: ^{Y) — > ^{Y) ®ff^ il^{D). Since V has unitary 
monodromy around the local components of D, the Higgs form 6 is holomorphic, which 
ensures that J^^{Y){D) is closed under both 9 and 9. We can thus write s^^{Y){D) for 
the complex given by ^^{Y){D) with differential D. 

Lemma 3.13. For all m>0, there is a morphism 

compatible with both D and D", for c^"") as in Definition 2.13 . 

Proof. As in [Tim2, 1.4], Res„j is given in level q by the composition 

^^{Y){D)=^{Y)^jff^s^^{D) 

^^^^ J^{Y) i^„.=^/^7:^(ei?)(C(-)) 



24 



J.P.PRIDHAM 



where the final map is given by orthogonal projection. The proof of [Tim2, Lemma 1.5] 
then adapts to show that ReSr„is compatible with both D and D'^. □ 

Note that (j*V(8'£™)|£)m_£)m+i inherits a pluriharmonic metric from V, so is necessarily 
a semisimple local system on the quasi-projective variety — = — C'("*). 

Definition 3.14. Define a filtration on =c/J(V)(D) by 

Jr£/xi^){D) ■■= ker(Res^+i), 

for r > 0. This generalises [Tim2, Definition 1.6]. 

Definition 3.15. Define the graded sheaf Jf^2)C^) to consist of j^,V- valued 

distributional forms a for which da and da are also L^. Write L*^2){^^^) ■= r(X,^^*^(V)). 

Since 9 is holomorphic, note that the operators 9 and 9 are bounded, so also act on 

Jf(*)(V)®C. 

3.3.1. Mixed Hodge structures. 

Theorem 3.16. If R is a quotient of^^^wi(Y,y) for which the representation TTi{Y,y) — >■ 
i?(M) has unitary monodromy around the local components of D, then there is a canonical 

non-positively weighted mixed Hodge structure {y,y)yi^s^ on {Y,y)^'^^^, in the sense of 
Definition 1.23. The associated split MHS is given by 

^iY,y)^m - Spec(0H'^(X,R''i,O(i?))[-a - b],d2), 

a,h 

with H"(X, R''j^,0(i?)) a pure ind-Hodge structure of weight a + 2b. 

Proof. We apply Proposition 3.2, taking ^*(V) := j2^(V)(Z)), equipped with its filtration 
J. The first condition to check is compatibility with tensor operations. This follows 
because, although a product of arbitrary functions is not L^, a product of meromorphic 
functions is so. 

Next, we check that £^^{Y){D) — t- i*.2^(V)c is a quasi- isomorphism, with 
gij^s^^(y){D) ~ R™'j*V[— m]. [Tim2, Proposition 1.7] (which deals with unitary local 
systems), adapts to show that Res^ gives a quasi- isomorphism 

gTi^^{Y){D) ^ Joi^™*<(^)(z^;;^j*V®e™)(C(™))[-m]. 

Since R"''j*V = i'm*{'^^j*^ ® s™"); this means that it suffices to establish the quasi- 
isomorphism for m = (replacing X with for the higher cases). The proof of [Timl, 
Theorem D.2(a)] adapts to this generality, showing that j*V — >■ Jo^^{Y){D) is a quasi- 
isomorphism. 

It only remains to show that for all a, b, the groups M.°'~^^{X, FPgr^^^(Y){D)) define a 
Hodge filtration on H"(X, R''j*V)c, giving a pure ind-Hodge structure of weight a + 2b. 
This is essentially [Tim2, Proposition 6.4]: the quasi-isomorphism induced above by Res^ 
is in fact a filtered quasi-isomorphism, provided we set e"^ to be of type {m,m). By 
applying a twist, we can therefore reduce to the case 6 = (replacing X with D^^^ for the 
higher cases), so we wish to show that the groups M."-{X, FPJoJ^x(^){-^)) define a Hodge 
filtration on H"(X, j^V) of weight a. 

The proof of [Timl, Proposition D.4] adapts to give this result, by identifying H*(X, j*V) 
with cohomology, which in turn is identified with the space of harmonic forms. We 
have a bicomplex (r(X, .if^*^ (V) C), D' , D") satisfying the principle of two types, with 
FPJo^* (V) {D) FP^* (V) (g) C and V (V) both being quasi-isomorphisms. □ 
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3.3.2. Mixed twistor structures. 

Definition 3.17. Given a smooth complex variety Z, let ^(2) be the sheaf on X x 

Z(C) consisting of holomorphic families of distributions on X, parametrised by Z(C). 
Explicitly, given a local co-ordinate z on Z{C), the space T{U x {|^| < J?}, ^^^^ (V)^^°^) 
consists of power series 

with Gm G r([/, ^^2)(V)) C, such that for all K (Z U compact and all r < R, the sum 

1 1 1 1 2,/!:'''" 

m>0 

converges, where || — ||2^ denotes the norm on K. 

Definition 3.18. Set L'^^^{X,Y) to be the complex of ^^°^-modules on P(C) given by 

Lf2)(X,V) :=r(X,Jf(^)(V)^^°^(n)), 

with differential uD + vD'^. Note that locally on P(C), elements of L"2)(-'^,V) can be 
characterised as convergent power series with coefficients in L'^^^{X,W) (g) C. 

Theorem 3.19. If 7ri{Y,y) — >■ R(R) is Zariski-dense, with unitary monodromy around 

the local components of D, then there is a canonical non-positively weighted mixed twistor 
structure (^;y)MTS^^ ^'^ 0^,y)^'^'^^, in the sense of Definition 1.24- The associated split 
MTS is given by 

SL(.y, y)^Ti' ^ Spec (0 H«(X, K'j,0{R))[-a - 6], ^2), 

a,b 

with H"(X, R''j*0(i?)) of weight a + 2b. 

Proof. We verify the conditions of Proposition 3.10, setting 

to be 5'*(V) =: £^^{y){D), with its filtration J defined above. This gives the complex 
#•(¥) C j^Jyi^) on X X P(C) whose underlying sheaf is 0„>o J^"'(V) (g)^o ^|^^°'(n), 
with differential uD + vD'^. 

This leads us to study the restriction to S^{C) C P{C), where we can divide ^pi{Y) 
by {u + ivy{u — ivy., giving 

i*=<(V)|5i(c) = {j.^^{Y)fflf,t-'®D), 

where (adapting Definition 2.8), 

® L> := d+ + t-i o = a + a + t-^e + te, 

for t G = S'^(C). There is a similar expression for ^^'(V)!^!!-^). 

Now, as observed in [Siml, end of §3], t^^ ® D defines a holomorphic family J^(y) of 
local systems on Y, parametrised by S^{£) = C^. Beware that for non-unitary points 
A G C^, the canonical metric is not pluriharmonic on the fibre since X~^6 + 

is not Hermitian. The proof of Theorem 3.16 (essentially [Tim2, Proposition 1.7] and 
[Timl, Theorem D.2(a)]) still adapts to verify conditions (1) and (2) from Proposition 
3.10, replacing V with ^(V), so that for instance 

i*jr(v)^ Jo#*(v)|5i(c) 

is a quasi-isomorphism. 
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It remains to verify condition (3) from Proposition 3.10: we need to show that for all 
a, 6 > 0, the Gal(C/M)-equivariant sheaf 

ker(H»(X,grif#'(V))|p(c) ©^*IHI-(X,gr,^#«(V))|p(c) ^ H^iX, je\j.J^{Yms^c)) 

is a finite locally free ^p°^-module of slope a + 2b. 

Arguing as in the proof of Theorem 3.16, we may apply a twist to reduce to the case 
6 = (replacing X with D^^^ for the higher cases), so we wish to show that 

:= ker(M"(X, Jo#*(V))|p(Q ® a*M«(X, Jo #•(¥)) Ip^^) ^ H«(X,i,jr(V))|5i(c)) 

is a holomorphic vector bundle on P{C) of slope a. 

Wc do this by considering the graded sheaf -^'(2) (^) L^-integrable distributions from 
Definition 3.15, and observe that [Timl, Proposition D.4] adapts to show that 

is a quasi-isomorphism on X x S^{C). 

On restricting to P(C) C ^(C), Definition 3.5 gives the co-ordinate t on -P(C) as 
t = and dividing ^"'(y) by {u — iv)^ gives an isomorphism 

^'mp^o = {^K^mfff\tD'+D"), 

and similarly for j*-^Y(^)\p{0 
Thus we also wish to show that 

^o=#-(V))|p(Q ^ {^(,){YWf\tD' + D") 

is a quasi-isomorphism. Condition (1) from Proposition 3.10 combines with the quasi- 
isomorphism above to show that we have a quasi-isomorphism on S^{C) c -P(C), so 
cohomology of the quotient is supported on G -P(C). Studying the fibre over this point, 
it thus suffices to show that 

{J^^{Y)),D") ^ (^(*)(V) ® C,D") 

is a quasi-isomorphism, which also follows by adapting [Timl, Proposition D.4]. 
Combining the quasi-isomorphisms above gives an isomorphism 

jr«(L^2)(^,v)), 

and inclusion of harmonic forms 'H"'{X,Y) )• L'^2){X,Y) gives a map 

H"(X,V) ^^°i(a) ^ je%Ll^^{X,Y)). 

The Green's operator G behaves well in holomorphic families, so gives a decomposition 

V) = H%X,Y) ®M ^^°'(a) e AL^2)(X, V), 

making use of finite-dimensionality of 'H"'{X,W) to give the isomorphism H"(X,V) (8)]r 
(a) ^ ker A n L«2) (X, V) . 

Since these expressions are Gal(C/M)-equivariant, it suffices to work on -P(C). Dividing 

5^"(V) by [u — iv)"' gives 

L^2)(^,V)|p(Q - {Ll,^{X,Y)&'f,tD' + D"). 
Now, since D'{D")* + {D")*D' = 0, we can write 

= {tD' + D"){D"y + {D"y{tD' + D"), 
giving us a direct sum decomposition 

^(2)(^, = V) ®M e {tD' + L>")%(^, © (Z^")*^(2)(^, V)lp(c), 
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with the principle of two types (as in [Sim2] Lemmas 2.1 and 2.2) showing that (tD' + 
D") : Im {{D")*) -> Im {tD' + D") is an isomorphism. 

We have therefore shown that " = H"- {X, V) (g)R (a) , which is indeed of slope a. □ 

Proposition 3.20. Assume that a Zariski-dense representation 7ri{Y,y) — )• R{W) has 
unitary monodromy around the local components of D, and that the discrete S"^ -action 
on '^wi{Y,yy'''^ descends to R. Then there are natural {S^Y -actions on (^)y)MTS*' ^'^^ 
gr(y, j/)^',^'g^\ compatible with the opposedness isomorphism, and with the action of —1 G 
coinciding with that of —1 E . 

Proof We just observe that the construction ^*{Y) = J2/^(V)(L>) of Theorem 3.19 satisfies 
the conditions of Proposition 3.11, being closed under the ll-action of C^. □ 

3.4. Singular and simplicial varieties. Fix a smooth proper simplicial complex variety 
X,, and a simplicial divisor C X, with normal crossings. Set Y, := X, — D,, with a 
point y £ Yq, and write j : Y, — t- X, for the embedding. Note that Proposition 2.24 shows 
that for any separated complex scheme Y of finite type, there exists such a simplicial 
variety Y, with an augmentation a: Y, — >■ y for which |y,| — >■ y is a weak equivalence. 

Theorem 3.21. Take p: 7ri(|y,|,y) — > R{M.) Zariski-dense with R pro-reductive, and 
assume that for every local systemY on \Y,\ corresponding to an R-representation, the local 
system a^^Y on Yq is semisimple, with unitary monodromy around the local components of 
Dq. Then there is a canonical non-positively weighted mixed twistor structure {\Y,\,y)^^^^ 
on (|y,|, y)-^''^^', in the sense of Definition 1.24- 
The associated split MTS is given by 

^{\y»ly)MTt - SpecTh (0 RP{X.,a-^R'ij.O{R))[-p - q],d2), 

p,g 

withW{Xn,'R.'^j^a~^0{R)) of weight p-\-2q. Here, W{X,,a~^Y) denotes the cosimplicial 
vector space n i— t- W{Xn, a~^Y), and Th is the Thom- Whitney functor of Definition 2.29. 

Proof. Our first observation is that the pullback of a holomorphic pluriharmonic metric 
is holomorphic, so for any local system V corresponding to an i?-representation, the local 
system a~^Y on 1^ is semisimple for all n, with unitary monodromy around the local 
components of We may therefore form objects 

(y„, {u^Ty)^^t e d5zAffAixc*(^)*(Mati x G^), 

and gr(y„, ((To)"'y)MTS^ ^ c/^^Aff (i?)*(Mati) as in the proof of Theorem 3.19, together 
with opposedness quasi-isomorphisms. 

These constructions are functorial, giving cosimplicial DGAs 

^iY;y)MTt e ci?GzAlgAixc-(^)*(Mati x G„), 

and ^(gr(y.,y)^'^J') G cDG^Aff (i?)^(Mati). We now apply the Thom- Whitney functor, 
giving an algebraic MTS with gr(|y,|, y)^',^g*^ as above, and 

^(inUK^ := Th(^(y.,y)^'^S^). 

Taking the fibre over (1, 1) G A-*^ x C* gives Th (^(y,, y)^'^^'), which is quasi-isomorphic 
to ^{\Y,\,y)^'^''\ by [Pri4, Lemma 9.11]. □ 

Theorem 3.22. Take p: 7ri(|y,|,y) — )■ i?(M) Zariski-dense with R pro-reductive, and 
assume that for every local systemY on \Y,\ corresponding to an R-representation, the local 
system a^^Y underlies a variation of Hodge structure with unitary monodromy around the 
local components of Dq . Then there is a canonical non-positively weighted mixed Hodge 
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structure {Y-iy)M]is on {Y,y) ' , in the sense of Definition 1.23. The associated split 
MTS is given by 

S^iY, y)MHs" ^ Spec Th (0 HP(X., R^j,a-iO(i?)) [-P - q],d2), 

p,g 

with W{Xn, R^j*a~^0(i?)) a pure ind-Hodge structure of weight p + 2q. 

Proof. The proof of Theorem 3.21 carries over, replacing Theorem 3.19 with Theorem 3.16, 
and observing that variations of Hodge structure are preserved by pullback. □ 

Definition 3.23. Define '"tuidY.I, to be the quotient of zui{\Y,\,y)''°'''^ charac- 
terised as follows. Representations of '^wi{\Y,\,y)'^'^^'^ correspond to local systems V on 
\Y,\ for which a^^Y is a semisimple local system on Yq whose monodromy around local 
components of Do has unitary eigenvalues. 

Proposition 3.24. There is a discrete action of the circle group on ^roidY,!, y)""""™, 
such that the composition x 7ri(|y,|,y) — )■ '^•a7i(|y,|, is continuous. We denote 
this last map by Vh : vri(|y.|,y) ^ ''wi{\Y.\,y)™{{S'^y^') . 

Proof. The proof of [Pri4, Proposition 9.8] carries over to the quasi-projective case. □ 

Proposition 3.25. Take a pro-reductive S^-equivariant quotient R of '^Wi{\Y,\.,xy^°"'^ , 
and assume that for every local system V on \Y,\ corresponding to an R-representation, 
the local system a^^Y has unitary monodromy around the local components of Dq. Then 
there are natural {S^Y -actions on y)MTS*' '^^^ gr(|y,|, y)^':^^, compatible with the 
opposedness isomorphism, and with the action of — 1 G coinciding with that o/ — 1 G G^. 

Proof. This just follows from the observation that the S'^-action of Proposition 3.20 is 
functorial, hence compatible with the construction of Theorem 3.21. □ 

3.5. More general monodromy. It is natural to ask whether the hypotheses of The- 
orems 3.16 and 3.19 are optimal, or whether algebraic mixed Hodge and mixed twistor 
structures can be defined more widely. The analogous results to Theorem 3.16 for l- 

adic pro-algebraic homotopy types in [Pri5] holds in full generality (i.e. for any Galois- 
equivariant quotient R of 'UJ\{Y,yy^'^). However the proofs of Theorems 3.16 and 3.19 
clearly do not extend to non-unitary monodromy, since if 9 is not holomorphic, then 9 
does not act on s^^iy){D) . Thus any proof adapting those theorems would have to take 
some modification of j^^{Y){D) closed under the operator 9. 

A serious obstruction to considering non-semisimple monodromy around the divisor is 
that the principle of two types plays a crucial role in the proofs of Theorems 3.16 and 
3.19, and for quasi-projective varieties this is only proved for cohomology. The map 
H*(X, j*V) — > H^2)(-''^)V) is only an isomorphism either for X a curve or for semisim- 
ple monodromy, so .if^*)!^) will no longer have the properties we require. There is 
not even any prospect of modifying the filtrations in Propositions 3.2 or 3.10 so that 
JoH*(y, V) := H*2-)(-^, V), because cohomology does not carry a cup product a pri- 
ori (and nor does intersection cohomology). This means that there is little prospect of 
applying the decomposition theorems of [Sab] and [Moc2], except possibly in the case of 
curves. 

If the groups H"(X, _7*V) all carry natural MTS or MHS, then the other terms in the 
Leray spectral sequence should inherit MHS or MTS via the isomorphisms 
H"(X,R™j;V) - H"(X,R'"j,M0 (j,V^)^) - H"(dM,_^-^^j-i^-1(j;vV)V 

for jm- {D"^ — — ). Di"^) the canonical open immersion. Note that j^i^^nH^Y'^Y 
is a local system on D^ — — this will hopefully inherit a tame pluriharmonic metric 

from V by taking residues. 
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It is worth noting that even for non-semisimple monodromy, the weight filtration on 
homotopy types should just be the one associated to the Leray spectral sequence. Although 
the monodromy filtration is often involved in such weight calculations, [Del3] shows that 
for V pure of weight on Y, we still expect j*V to be pure of weight on X. It is only at 
generic (not closed) points of X that the monodromy filtration affects purity. 

Adapting techniques to the case of non-semisimple monodromy around the divi- 
sor would have to involve some complex of Frechet spaces to replace L*^^ (X, V) , with the 
properties that it calculates H*(X, j*V) and is still amenable to Hodge theory. When mon- 
odromy around D is trivial, a suitable complex is A'{X,j^Y), since j*V is a local system. 
In general, one possibility is a modification of Foth's complex ^*(V) from [Fot], based on 
bounded forms. Another possibility might be the complex given by npG(o oo) 
i.e. the complex consisting of distributions which are for all p < oo. Beware that these 
are not the same as bounded forms — j3-norms are all defined, but the limit limp_>oo 
might be infinite (as happens for log | log \z\\). 

Rather than using Frechet space techniques directly, another approach to defining the 
MHS or MTS we need (including for V with non-semisimple monodromy) might be via 
Saito's mixed Hodge modules or Sabbah's mixed twistor modules. Since W^{X,j^,Y) = 
IR"'{X,Y) for curves X, fibring by families of curves then opens the possibility of putting 
MHS or MTS on H"(X, j*V) for general X. Again, the main difficulty would lie in defining 
the cup products needed to construct DGAs. 

4. Canonical splittings 
4.1. Splittings of mixed Hodge structures. 

Definition 4.1. For S as in Definition 1.2, define an S'-action on SL2 by 

for any real algebra B, any A G (i? ^ir C)^ and any A G Sh2{B). 

Let rowi : SL2 — t- C* be the S'-equivariant map given by projection onto the first row. 

Taking co-ordinates {xy) for SL2, we have 0(SL2) = E.[u,v,x,y]/{uy — vx — 1). If we 
set w = u + iv, w = u — iv (as in Remark 1.3), z = x + iy and z = x — iy, then for the 
S'-action we have w of type (—1, 0), w of type (0, —1), z of type (0, 1) and z of type (1, 0). 

Lemma 4.2. The S-equivariant quasi- coherent ringed s/tea/ rowi* ^SL2 on C* is flat, cor- 
responding under Lemma 1.5 to the real algebra 

S := R[x], 

with filtration FP{S (g) C) = (.x - i)PC[x]. 

Proof. This is [Pri4, Lemma 1.18] . □ 

Definition 4.3. Define the S'-equivariant derivation N : 0(SL2) — > 0(SL2)(— 1) by Nx = 
u,Ny = v,Nu = Nv = 0. Note that this is equivalent to the 0(SL2)-linear isomorphism 
J^(SL2/C) 0(SL2)(-1) given by dx ^ u, dy ^ v. Observe that ker AT = 0{C). 

Definition 4.4. Define MHS to be the category of finite-dimensional mixed Hodge struc- 
tures. 

Write row2 : SL2 — >■ for projection onto the second row, so row20(A^) is a subring 
of 0(SL2). This subring is equivariant for the S-action on SL2 from Definition 4.1. 

Definition 4.5. Define SHS (resp. ind(SHS)) to be the category of pairs {V,l3), where V 
is a finite-dimensional S-represcntation (resp. an S-representation) in real vector spaces 
and /3 : y — )• y ® row20(A^)(— 1) is S-cquivariant. A morphism {V, p) — ^ {V',13') is an 
S-equivariant map f iV with o / = (/ (g) id) o p. 
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Definition 4.6. Given {V, (3) G SHS, observe that taking duals gives rise to a map (3'^ : 
yv ^ yv ^ row|0(A2)(-l). Then define the dual in SHS by {V,/3Y := (F'',/3^). 
Likewise, we define the tensor product {U, a) (g) (V, /3) := (C/ (g) F, a (g) id + id (g) 

Observe that for G SHS, 

HomsHs((^,/3), = HomsHs((K,0), (F,/?)^ (g (F', /?'))■ 

Lemma 4.7. j4 (commutative) algebra (A, 6) in ind(SHS) consists of an S-equivariant 
(commutative) algebra A, together with an S-equivariant derivation 6 : A A <Si 
row^O(A2)(-l). 

Proof. We need to endow {A, 5) G SHS with a unit (M, 0) — {A, 5), which is the same as 
a unit 1 & A, and with a (commutative) associative multiplication 

(A, 5)0 (A, 5) ^ {A, 6). 

Substituting for 0, this becomes fi: {Af^A, Ji^id+id^cJ) — t- (A, S), so /i is a (commutative) 
associative multiplication on A, and for a,b £ A, we must have S(a, b) = aS{b) + b6{a). □ 

Theorem 4.8. The categories MHS and SHS are equivalent. This equivalence is additive, 
and compatible with tensor products and duals. 

Proof. Given (V, /3) G SHS as above, define a weight filtration on V by WrV = ®j<^ VViF, 
where W* is the weight decomposition associated to the S'-action (as in Definition 1.4). 
Since /3 is S'-equivariant and row20(A^)(— 1) is of strictly positive weights, we have 

P : WrV {Wr-iV) (g row|0(A2)(-l). 

Thus P gives rise to an iS-equivariant map F ^ F (g 0(SL2)(— 1) for which P{WrV) C 
{Wr-iV) (g) 0(SL2)(-1) for all r. In particular, {WrV,l3\wrV) € SHS for all r. 

We now form V iS>0{Sh2), then look at the S'-equivariant derivation : V <Ei 0(8^2) — s- 
V (g) 0(SL2)(-1) given hy N/^ = id (g) N + (3 (g id. Since keriV = 0(C), this map is 
0(C)-linear; by Lemma 4.2, it corresponds under Lemma L5 to a real derivation 

:T/(g5^y(-l)(g5 

such that ATg (g]g C preserves Hodge filtrations F. The previous paragraph shows that 
N/3{{WrV) <^ S) C (WrF)(-l) (g5, with 

gi^N^ = (id (g N) : (gr^y) (g 5 ^ (gr^y)(-l) (g S. 

Therefore M{V, /3) := ker(Arg) C F (giS is a real vector space, equipped with an increas- 
ing filtration W, and a decreasing filtration F on M{V,P) (g) C. We need to show that 
M(V,P) is a mixed Hodge structure. 

Since N : S ^ '5(— 1) is surjective, the observation above that gr'^A^^ = (id (g N) 
implies that must also be surjective (as the filtration W is bounded), so 

^ M{v, ^) ^ y 5 -4 F(-i) 0S^o 

is a exact sequence; this implies that the functor M is exact. 

Since gT^(y,P) = iWrV,0), we get that M {gif" {V, /3)) = WrV. As M is exact, 
gT^M{V,(3) = M{gT^{V,P)), so we have shown that gT^M{{V,l3)) is a pure weight r 
Hodge structure, and hence that M{V, (3) G MHS. Thus we have an exact functor 

M : SHS ^ MHS; 

it is straightforward to check that this is compatible with tensor products and duals. 

We need to check that M is an equivalence of categories. First, observe that for any 
iS-representation V, we have an object {V, 0) G SHS with M{V) = V. 
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Write 

Ext^Hs((f^> P)) ■= coker - a* : Hom5([/, V) iioms{U, V ® 0(C))). 

This gives a an exact sequence 

-»HomsHs((C/, a), (V^, P)) ^ Hom5(C/, F) iloms{U, V 0(C7)) 

^Ext^Hs((f^,«),(V^,/3))^0. 

Note that Extgjjg((?7, a), {V,P)) does indeed parametrise extensions of {U,a) by (V,/3): 
given an exact sequence 

we may choose an S-equivariant section s o{ W ^ U, so W = U (B V. The obstruction 
to this being a morphism in SHS is o(s) := s*7 — a G Hom5([/", F (g) 0(C)), and another 
choice of section differs from s by some / G Hom5(C7, 1/), with o{s + f) = o{s) + fi^^f — a* f . 
Write RTsHslV",/?) := Ext^((]R,0), {V,I3)) for i = 0, 1, noting that 

Ext^SHs((?^, «), m = R'rsHs((^, /3) ® {U, a^). 
We thus have morphisms 

^ rsHs(^, P) ^ ^ {V ® row^O(A2)(-l))5 ^ R^rsHs(F, p)^o 

II I I 

^ rnM{V, P)^{V^ 0{SL2)f {V «) row^O(A2)(-l))5 - B}rHM{V, /?) ^ 

of exact sequences, making use of the calculations of [Pri4, §1.3.1]. For any short exact 
sequence in SHS, the morphisms p*: RTshs(^)/3) R^r-^Af (V, ^) are thus compatible 
with the long exact sequences of cohomology. 

The crucial observation on which the construction hinges is that the map 
row20(A^)(— 1) c6ker{N : 0(SL2) — > 0(SL2)(— 1)) is an isomorphism, making 
row|0(A2)(-l) a section for 0(SL2)(-1) il^{C*, Gq*). This implies that when /3 = 0, 
the maps are isomorphisms. Since each object (V, /3) G SHS is an Artinian extension of 
S'-representations, we deduce that the maps must be isomorphisms for all such objects. 

Taking i = 1 gives that Ext^jjg(([/, a), {V, (3)) Ext^(M(?7, a), M{V, /?)) is an isomor- 
phism; we deduce that every extension in MHS lifts uniquely to an extension in SHS, 
so M : SHS MHS is essentially surjective. Taking i = shows that M is full and 
faithful. □ 

Remark 4.9. Note that the Tannakian fundamental group (in the sense of [DMOS]) of the 
category SHS is 

n(SHS) = S >c Fr(>V>o(row^O(A2)(-l)))V, 

where Fr(y) denotes the free pro-unipotent group generated by the pro-finite-dimensional 
vector space V. In other words, SHS is canonically equivalent to the category of finite- 
dimensional n(SHS)-representations. Likewise, ind(SHS) is equivalent to the category of 
all n(SHS)-representations. 

The categories SHS and MHS both have vector space-valued forgetful functors. Tan- 
nakian formalism shows that the functor SHS — > MHS, together with a choice of natu- 
ral isomorphism between the respective forgetful functors, gives a morphism n(MHS) — t- 
n(SHS). The choice of natural isomorphism amounts to choosing a Levi decomposition 
for H(MHS), or equivalently a functorial isomorphism V = gr^V of vector spaces for 
V G MHS. 

A canonical choice bQ of such an isomorphism is given by composing the embedding 
b: M(y,l3) ^ V S with the map po: 5 — )• M given by x i— )■ 0. This allows us to put 
a new MHS on V, with Hodge filtration bo{F) and the same weight filtration as V, so 
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60 : M{V, (3) {V, W, bo{F)) is an isomorphism of MHS. To describe this new MHS, first 
observe that S{-1) = fi(«S/M) = Sdx, and that for P : V ^ V 1^ n{S/R), we get an 
isomorphism exp(— /3) : F — >■ M{V, /3), which is precisely 6q ^. 

Since the map pii 5 — > C given by a; i-)- i preserves F, it foUows that the map 

Pi o 60 ^ = exp(- [ P): V^V^C 
Jo 

satisfies exp(— /3) (60(F)) = F, so the new MHS is 

{V,W,boiF)) = {V,W,exp{ [ f3){F)). 

Jo 

Remark 4.10. In [Pri4, Proposition 1.25], it was shown that every mixed Hodge structure 
M admits a non-unique splitting M (8) 5 = (gr^M) 5, compatible with the filtrations. 
Theorem 4.8 is a refinement of that result, showing that such a splitting can be chosen 
canonically, by requiring that the image of gr^M under the derivation (idjv^ (g) TV: M (g) 
0(SL2) M(g)0(SL2)(-l) lies in row^O(A2)(-l). This is because /3 is just the restriction 
of idM (^NtoV:= gr^M. 

This raises the question of which F-preserving maps /3 : F — )• F (g) r2(5/M) correspond 
to maps V ^ V 1^ row|0(A2)(-l) (rather than just V ^ V <^ 0(SL2)(-1). Using the 
explicit description from the proof of [Pri4, Lemma 1.18], we see that this amounts to the 
restriction that 

/3iVl''')c vi-''-'''''~^-\x-iy{x + ifdx. 

a>0,&>0 

Remark 4.11. In [Dcl4], Deligne established a characterisation of real MHS in terms of 
S'-representations equipped with additional structure. 

For any A G C, we have a map p\: 5 — t- C given by x 1— t- A, and b^^ := {p\ o b)^^ = 
exp(— /3) : y — )• M(y, /3). Comparing the filtrations bo^F) and 60 (-F) on V , we are led 
to consider 

d:=6_io5-i =exp(y" /3). 

This maps V to V, and has the properties that d = d~^ and 

{d-\d){Vl'^)<Z 

r<p,s<q 

This is precisely the data of an 9Jl-rcprcscntation in the sense of [Dcl4, Proposition 2.1], 
so corresponds to a MHS. Explicitly, we first find the unique operator d^/^ satisfying the 
properties for d above, then define the mixed Hodge structure M{V, d) to have underlying 
vector space V, with the same weig ht filtration, and with FPM{V,d) := d^/'^{FPV). 

For our choice of d as above, we then have an isomorphism 

a ■= obi = o ^_ . . M^y^ ^)^V 

of vector spaces. Since bi{FP M {V, (3)) = FPV, this means that a{FPM{V,l3)) = 
FPM(V, d), so a is an isomorphism of MHS. 

We have therefore shown directly how our category SHS is equivalent to Deligne's 
category of SPT-representations by sending the pair {V,/3) to (F, exp(/V ^)). This also 
gives a canonical isomorphism 9Jt = H(SHS), once we specify the associated isomorphism 
a o b^^ : V —7- V on fibre functors. This isomorphism can be understood in terms of 
identifying the generating elements of [Del4, Construction 1.6] with explicit elements of 
row^(0(A2)(-l))(gC. 
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For an explicit quasi-inverse functor from 93T-representations to SHS, take a pair {V,d). 
Since d is unipotent, S := logd: Vc ^ Vc is well-defined, and decomposes into types as 
6 = S"'^. We now just set 

a>o,b>o P-ii^-'^yH^ + wfdx 

for co-ordinates on A^. 

4.2. Splittings of mixed twistor structures. The following lemma ensures that a 
mixed twistor structure can be regarded as an Artinian extension of G^-representations. 

Lemma 4.12. If S and ^ are pure twistor structures of weights m and n respectively, 
then 

HomMTs(<r,=^)^{^™f^'^^) 

Proof. By hypothesis, S" = gr^S" and ^ = gr^^. Thus we may assume that # = ff{m) 
and ^ = ff{n). Since homomorphisms must respect the weight filtration, we have 

HomMTs(^M, ff{n)) = Hompi(^(m), Wmff{n)), 

which is unless m> n. When m > n, we have Wm^{n) = ^{n), so 

HomMTs(^(m), &{n)) = r(P\ - m)), 

which is for m > n and M for n = m, as required. □ 

Definition 4.13. Define STS to be the category of pairs (V,/3), where V is an G^- 
representation in real vector spaces and j3 : V ^ V ® row20(A^)(— 1) is G^-equivariant. 
A morphism (F, (5) — ^ {V' , (3') is a G^-equivariant map f : V ^ V with (3' of = (/(giid)o/3. 

Note that the only difference between Definitions 4.5 and 4.13 is that the latter replaces 
S with Gm throughout. 

Definition 4.14. Given {V, 13) G STS, observe that taking duals gives rise to a map 
. yv ^ V"^ (^vowlO{A'^){-l). Then define the dual in STS by {V, := 
Likewise, we define the tensor product by {U, a) (g) {V, (3) := (C/ (g) a (g) id -|- id (g) ^) . 

Observe that for {V,P), {V',P') e STS, 

HomsTs((^, P), {V, P')) = HomsTs((M, 0), {V, (g {V, P')). 

Theorem 4.15. The categories MTS and STS are equivalent. This equivalence is additive, 
and compatible with tensor products and duals. 

Proof. As in the proof of Theorem 4.8, every object {V, /3) G STS inherits a weight filtration 
W from V, and /3 gives rise to a G^-equivariant map 

Np:V^ 0(SL2) ^ F (g 0(SL2)(-1) 

respecting the weight filtration on V, with gr^A'^ = (id (g) N). 

For the projection rowi : SL2 C* of Definition 4.1, we then get a G^-equivariant 
map 

rowi*A"^ : rowi*(F (g ^sLa) ^ rowi*(y (g ^sLzC-l)); 
Then ker(rowi*A'^) is a Gy7^-equivariant vector bundle on C* . Using the isomorphism 
C = of Remark 1.3 and the projection vr : (A^ — {0}) — >■ , this corresponds to a 
vector bundle M(y,/3) := (vr* ker(rowi*iV^))^'" on 

Now, M{V,/3) inherits a weight filtration W from V, and surjectivity of ATg implies that 

ker(rowi*Arg) rowi*(y (g ^sLa) ^ rowi*(y (g ^SL2(-1)) ^ 
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is an exact sequence, so M is an exact functor. In particular, this gives gi^ MiV, (3) = 
-^(Wn^^O), which is just the vector bundle on corresponding to the G^-equivariant 
vector bundle {WnV) ® Gc* on C*. Since WnV^ has weight n for the G^-action, this means 
that grJfM(F,^) has slope n, so we have defined an exact functor 

M : STS ^ MTS, 

which is clearly compatible with tensor products and duals. 

If we define rsTs(V,^) := ker(^: V F ® row|0(A2)(-l))^'" and R^rsTsl^,/?) := 
(coker ^)'^'" , then the proof of Theorem 4.8 gives us morphisms 

p': RTsTs(l^,/3) ^ VFoff(P\M(F,/?)) 

for i = 0, 1. These are automatically isomorphisms when /? = 0, and the long exact 
sequences of cohomology then give that is an isomorphism for all (V,/3). We therefore 
have isomorphisms 

Ext|Ts((C^,«),(y,/3)) ^ iyoExt^i(M(C/,a),M(F,/3)), 

and arguing as in Theorem 4.8, this shows that M is an equivalence of categories, using 
Lemma 4.12 in the pure case. □ 

Remark 4.16. Note that the Tannakian fundamental group (in the sense of [DMOS]) of 
the category STS is 

n(SHS) = K Fr(row^O(A2)(-l))V, 

where Fr(y) denotes the free pro-unipotent group generated by the pro-finite-dimensional 
vector space V . 

The functor STS — t- MTS then gives a morphism n(MTS) — t- n(STS), but this is not 
unique, since it depends on a choice of natural isomorphism between the fibre functors (at 
1 G C*) on MTS and on STS. This amounts to choosing a Levi decomposition for n(MTS), 
or equivalently a functorial isomorphism S\ = gr^coi of vector spaces for S" G MHS. A 
canonical choice of such an isomorphism is to take the fibre at / € SL2. 

We can think of Theorem 4.15 as an analogue of [Del4] for real mixed twistor structures, 
in that for any MTS (f , it gives a canonical splitting of the weight filtration on (^i, together 
with unique additional data required to recover (f . 



5. SL2 SPLITTINGS OF NON-ABELIAN MTS/MHS AND STRICTIFICATION 

5.1. Simplicial structures. 

Definition 5.1. Let sCat be the category of simplicially enriched small categories, which 
we will refer to as simplicial categories. Explicitly, an object C G sCat consists of a set ObC 
of objects, together with Hom^^ fx, y) G S for all x, y G ObS, equipped with an associative 
composition law and identities. 

Lemma 5.2. For a reductive pro-algebraic monoid M and an M -representation A in 
DG algebras, there is a cofibrantly generated model structure on DGzA\g^{M) , in which 
fibrations are surjections, and weak equivalences are quasi-isomorphisms. 

Proof. When M is a group, this is [Pri4, Lemma 3.38], but the same proof carries over to 
the monoid case. □ 

Definition 5.3. Given B G DGzAlgj,{M) define B^" := B (8)q f^(IA'^l), for 0(|A"|) as 
in Definition 2.29. Make £)GzAlg^(M) into a simplicial category by setting Hom (.B, B') 
to be the simplicial set 

Hom£)Q^AIg^(M) C)n •■= Hom£)(32AIg^(M) {B, ). 
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Beware that DGzA\g^{M) does not then satisfy the axioms of a simplicial model cat- 
egory from [GJ] Ch. II, because Hom(-,5) : Z)GzAlg^(M)°PP S does not have a left 
adjoint. However, DGzAlg^(M) is a simplicial model category in the weaker sense of 
[Qui]. 

Now, as in [Hov, §5], for any pair X, Y of objects in a model category C, there is a derived 
function complex IiMapc{X,Y) G S, defined up to weak equivalence. One construction is 
to take a cofibrant replacement X for X and a fibrant resolution Y, for Y in the Reedy 
category of simplicial diagrams in C, then to set 

RMapc(X,y)„ := Homc(l,K„). 

In fact, Dwyer and Kan showed in [DK] that RMap^ is completely determined by the 
weak equivalences in C. In particular, 7roRMap(;(X, y) = HomHo(C)(^) where Ho(C) 
is the homotopy category of C, given by formally inverting weak equivalences. 

To see that C^' is a Reedy fibrant simplicial resolution of C in Z)GzAlg^(M), note 
that the matching object MnC^' is given by 

C (g) M„0(|A'|) = C ® n{\A'^\)/{to ■■■tn,^to--- ti-i{dti)ti+i ■ ■ ■ tn), 

i 

SO the matching map C^" — >■ MnC^* is a fibration (i.e. surjective). 
Therefore for 5 — > B a cofibrant replacement, 

RMapBG^Aig^(ji^)(S,C) ~ Hom^(j^Aig^(^)(B,C). 

Definition 5.4. Given an object D G DGzAlg^(M), make the comma category 
DGzMgj!^{M) \.D into a simplicial category by setting 

Horn Alg^ (M)|D {B, C)n ■■= HomDGgAlg^(M)(5, Xd^" D)- 

Now, C C^' x^A* D is a Reedy fibrant resolution of C in DGxAlg^(M) ID for 
every fibration C ^ D. Thus for 5 ^ 5 a cofibrant replacement and C ^ C a fibrant 
replacement, 

RMap£,G,2Alg^(M)iL>(^>C') - Hom^GzAig^(M)iA(-B,C')- 

Definition 5.5. Given a simplicial category C, recall from [Ber] that the category ttqC is 
defined to have the same objects as C, with morphisms 

Hom^oc(a::,y) = 7roHomc(x, y). 

A morphism in Hom^^ fx, y)o is said to be a homotopy equivalence if its image in ttqC is an 
isomorphism. 

If the objects of a simplicial category C are the fibrant cofibrant objects of a model 
category A^, with Hom^j = RMap^, then observe that homotopy equivalences in C are 
precisely weak equivalences in M.. 

5.2. Functors parametrising Hodge and twistor structures. The DG algebra 

0(SL2) 0(SL2)(— l)e, for e of degree 1, is an algebra over 0(C) = R['u,u], so we 

may consider the DG algebra j-iO(SL2) ^ j-^0{Sl.2)[-l)e on C*, for j : C* ^ C. 
This is an acyclic resolution of the structure sheaf iT'c* ■ so 

Ri*^C7- ^ Mj-'0iSL2) ^ r^OiSL2)i-l)e) = (©(SLa) ^ 0(SL2)(-l)e), 
regarded as an 0(C)-algebra. This construction is moreover S-equi variant. 

Definition 5.6. From now on, we will denote the DG algebra 0(SL2) ^ 0(SL2)(-l)e 
by RO(C*), thereby making a canonical choice of representative in the equivalence class 
Rr(C*, ffc*)- We also denote the sheaf j"^RO(C*) on C* by R^c*, giving a canonical 
acyclic resolution of ^c* ■ 
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Proposition 5.7. For any R' acting on C* and any R' -equivariant algebra A, the functor 
j* : DGzAlgA(^'RO{c*)i^') ~^ -^^z-^lgSpecAxC* (-^0 induces an equivalence 

Ho(Z)GzAlg^ 

Spec Ax C* 

For any R' -representation B in A-algebras, this extends to an equivalence 
HopGzAlg^^i,0(C,)(i2')|5 ® RO(C*)) ^ HopGzAlgspeeAxC*(^)i^ ® 
Proof. This is a special case of [Pri4, Proposition 3.45]. □ 

Definition 5.8. For A G Alg(Mati), define VT{A)^ (resp. VHiA)^) to be the full sim- 
plicial subcategory of the category 

L>GzAlg^^RO(C*)(Mati x i? x G^)|A ® 0{R) ® RO(C*) 
(resp. DGzAlg^^RO(C*)(Mati x i? xi S)iA (g) 0{R) (g) RO(G*)) 

on fibrant cofibrant objects. These define functors 

V%, Vn^ : L>GzAlg(Mati) sCat. 

Remark 5.9. Since VT{A)^ and V'H{A)^ are defined in terms of derived function com- 
plexes, it follows that a morphism in any of these categories is a homotopy equivalence (in 
the sense of Definition 5.5) if and only if it is weak equivalence in the associated model 
category, i.e. a quasi-isomorphism. 

Remark 5.10. Let G Alg(Mati) be given by setting t to be of weight 1. After applying 
Proposition 5.7 and taking fibrant cofibrant replacements, observe that a pointed algebraic 
non-abelian mixed twistor structure consists of 

O(grXMTs) G DGzk\g{R X Mati)iO(i?), 

together with an object O(Xmts) £ 'P7^(M[t]) and a weak equivalence 

O(-'^MTS) ®M.[t\ ^ O(grXMTs) 

in V%{B). 

Likewise, a pointed algebraic non-abelian mixed Hodge structure consists of 

O(grXMHs) e DGzAlg{R x S)iO{R), 
together with an object 0{Xmb.s) € VH*{^[t]), and a weak equivalence 

O(^MHS) <X)M[t] M O(grXMHs) 

in Vn^R). 

5.3. Deformations. 

5.3.1. Quasi-presmoothness. The following is [Pri3, Definition 2.22]: 

Definition 5.11. Say that a morphism F : B in sCat is is a 2-fibration if 

(Fl) for any objects oi and 02 in A, the map Hom 4 (01 , 09) — >■ Hom^ fFai , Fa-:>) is a 

fibration of simplicial sets; 
(F2) for any objects & A, b G B, and any homotopy equivalence e : Fa^ — >• 6 in 

B, there is an object 02 G C, a homotopy equivalence d : ai — > 02 in C and an 

isomorphism 6 : Fa2 — >• b such that 9 o Fd = e. 

The following are adapted from [Pri3] : 
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Definition 5.12. Say that a functor T) : Alg(Mati) — )• sCat is formally 2-quasi-presmooth 
if for all square-zero extensions B, the map 

V{A) V{B) 

is a 2-fibration. 

Say that V is formally 2-quasi-presmooth if P ^ • is so. 

Proposition 5.13. The functors V%:.,VT-L* : Alg(Mati) sCat are formally 2-quasi- 
presmooth. 

Proof. Apart from the augmentation maps, this is essentially the same as [Pri3, Proposition 
3.14], which proves the corresponding statements for the functor on algebras given by 
sending A to the simplicial category of cofibrant DG (T (g) ^)-algebras, for T cofibrant. 
The same proof carries over, the only change being to take Mati x R x G^-invariants 
(resp. Mati x i? xi S'-invariants) of the Andre-Quillen cohomology groups. We now sketch 
the argument. 

Let V be VT* (resp. VH^), and write S' for Gm (resp. S). Fix a square-zero extension 
A^ B m. Alg(Mati). Thus an object C G V{B) is a Mati x i? ><J 5"-equivariant diagram 
B®Y10{C*) C i?(g)0(i?) (8)RO(C*), with the first map a cofibration and the second 
a fibration. Since C cofibrant, the underlying graded algebra is smooth over i?(X'RO(C*), 
so lifts essentially uniquely to give a smooth morphism A* ® RO(C*)* — )■ C* of graded 
algebras, with C*®aB'^ C*. As A» 0{R) ® RO(C*) -^B® 0{R) (g) RO(C*) is square- 
zero, smoothness of C* gives us a lift p : C* ^ A* ®0{R) ® RO(C*)*. Since Mati xRxiS' 
is reductive, these maps can all be chosen equivariantly. 

Now, choose some equivariant yl- linear derivation 5 on C lifting dc- The obstruction to 
lifting c G V{B) to V{A) up to isomorphism is then the class 

[{5^,po 5-dop)] eH2H0Mc(f^(C/(5 ® RO(C*))), / 0^ C 4 / 0{R) ® RO(C*)) 
=Ext^(Lf/(^®^°^^*)\ I ®B C ^ 0{R) ®nO{C*)). 

This is because any other choice of {5,p) amounts to adding the boundary of an element 

in H0M^(0(C/(5 ® Y10{C*))),I ®B C ^I® 0{R) ® RO(C*)). 

The key observation now is that the cotangent complex is an invariant of the quasi- 
isomorphism class, so C lifts to V{A) up to isomorphism if and only if all quasi- isomorphic 
objects also lift. The treatment of morphisms is similar. Although augmentations are not 
addressed in [Pri3, Proposition 3.14], the same proof adapts. It is important to note that 
the Andre-Quillen characterisation of obstructions to lifting morphisms does not require 
the target to be cofibrant. □ 

5.3.2. Strictification. 

Proposition 5.14. LetV : Alg(Mati) sCat be one of the functors P% orVH^. Given 
an object E in 7^(M), an object P in V{^\t\), and a quasi-isomorphism 

f : P/tP E 

in P(M), there is an object M G ^(Rft]), a quasi-isomorphism g : P ^ M, and an 
isomorphism 9 : M/tM — >■ E such that 9 o g = f. 

Proof. If we replace R{t] with R[i]/t'', then the statement holds immediately from Proposi- 
tion 5.13 and the definition of formal 2-quasi-presmoothness, since the extension M[f]/t^ — >■ 
M is nilpotent. Proceeding inductively, we get a system of objects Mr € V{M[t]/t'^), quasi- 
isomorphisms gr '■ P/fP — )■ and isomorphisms (pr '■ Mr/f'"^ Mj. — )■ M^-i with Mq = E, 
90 = f and (j)^og^= g^-i. 
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We may therefore set M to be the inverse hmit of the system 
in the category of Mati-representations. ExpUcitly, this says that the maps 

r 

are isomorphisms for all n. In particular, beware that the forgetful functor from Mati- 

representations to vector spaces does not preserve inverse limits. 
Let M{A) be one of the model categories 

L'GzAlg^^KO(C.)(Mati X i? X G„)iyl ^ 0{R) ^ RO(C*) 

or L>GzAlg^^ao(f.,)(Mati xR>^S)lA^ 0{R) RO(C*), 

so V{A) is the full simplicial subcategory on fibrant cofibrant objects. The maps gr give 
a morphism g : P M in A4{M.[t]) and the maps (pr give an isomorphism 6 : M/tM — >■ E 
in We need to show that M is fibrant and cofibrant (so M G 'P(M[t])) and that g 

is a quasi-isomorphism. Fibrancy is immediate, since the deformation of a surjection is a 
surjection. 

Given an object A G 7W(R[t]), the Mati-action gives a weight decomposition A = 
®n>o^nA, and 

A = ^-^(^[^DA/W^A. 

n 

Moreover, if A ^ 5 is a quasi-isomorphism, then so is A/WnA B/WnB for all n. 

In order to show that M is cofibrant, take a trivial fibration A ^ B va. A1(R[t]) (i.e. a 
surjective quasi-isomorphism) and a map M ^ B. Then A/WnA B/WnB is a trivial 
fibration in M{R[t]), and in fact in M{R[t]/t''). Since M„ = M/f'M is cofibrant in 
A^(M[t]/t"), the map M ^ B lifts to a map M {A/WnA) x b/WuB B. We now proceed 
inductively, noting that 

(A/Wn+lA) X(^B/W„+,B) B ^ (A/WnA) X^B/Wr^B) B 

is a trivial fibration in A^(M[t]/t"+^). This gives us a compatible system of lifts M — >■ 
{A/WnA) x^B/w„B) B, and hence 

M ^ ]^[{A/WnA) X^B/WnB) B] = A. 
n 

Therefore M is cofibrant. 

To show that g is a quasi-isomorphism, observe that for A G A1(]R[t]), the map WnA — t- 
Wn{A/f' A) is an isomorphism for n < r. Since gr is a quasi-isomorphism for all r, 
this means that g induces quasi-isomorphisms WnP — >■ WnM for all n, so 5 is a quasi- 
isomorphism. □ 

Definition 5.15. Given an i?-equivariant 0(i?)-augmented DGA ^ in the category of 
ind-MTS (resp. ind-MHS) of non-negative weights, define the associated non-positively 
weighted algebraic mixed twistor (resp. mixed Hodge) structure Spec(^(^) as follows. 
Under Lemma 1.14 (resp. Lemma 1.8), the Rees module construction gives a flat Mati x 
R X Gm-equivariant (resp. Mati x i? x S'-equivariant) quasi-coherent ® 0{R) ^c- 
augmented algebra ^(^) on x C associated to We therefore define Spec({^) := 

SpecAixC*C('^)lAixC*- 

Now, gr^^ is an 0(i?)-augmented DGA in the category of Mati-representations (resp. 
^-representations), so we may set grSpecC(^) := Specgr^.^. Since C(^) is flat, 

(SpecC(.^)) x^i SpecM 2± (Spec ((-#)) Xai,o SpecM, 
so Lemma 1.14 (resp. Lemma 1.8) gives the required opposedness isomorphism. 



NON-ABELIAN HODGE STRUCTURES FOR QUASI-PROJECTIVE VARIETIES 



39 



Theorem 5.16. For every non-positively weighted algebraic mixed twistor (resp. mixed 
Hodge) structure {X,x)^^^^^ (resp. (-^)^)mhs^V ^ pointed Malcev homotopy type 
{X,x)^'^^^, there exists an R-equivariant 0{R)- augmented DGA ^ in the category of 

ind-MTS (resp. ind-MHS) with {X, 

■^)mts (I'Gsp. (^)2;)j^jfjg ) quasi-is amorphic in the 
category of algebraic mixed twistor (resp. mixed Hodge) structures to SpecC(^), for C, 
as above. 

Proof. Making use of Remark 5.10, choose a fibrant cofibrant replacement E for 
0{^{X,x)^}^l) (resp. 0{^{X,x)^^^)) in the category L>GzAlg(i?),(Mati) (resp. 
DGzAlg(i?)*(S')), and a fibrant cofibrant replacement P for 

r(c*, ff{{x,x)^}^i') ®ec* R^cO 

(resp. T{C\ff{{X,x)^^i')®ff^^ R^C*)) 

in the category 

r>GzAlgK[t]®RO(C*)(^)*(Mati X Gm) 
(resp. DGzAlg]K[t]^RO(C*)(^)*(Mati x S)). 

Since P is cofibrant, it is fiat, so the data of an algebraic mixed twistor (resp. mixed 
Hodge) structure give a quasi-isomorphism 

f :P/tP ^ E®nO{C*) 

in 

DGzAlgRO(e*)(iZ)*(Mati X G^) 
(resp. Z)GzAlgRo{c*)(^)*(Mati x S)), 
so we may apply Proposition 5.14 to obtain a fibrant cofibrant object 

M e i^GzAlgu[t]^RO(c,)(i?)*(Mati x G„) 
(resp. M G Z)GzAlgu[i]^RO(c*)(i2)*(Mati x S)) 

with an isomorphism M/tM = E ® RO(C*), and a quasi-isomorphism g : P ^ M lifting 
/• 

Since M is cofibrant, it is flat as an RO(C*)-module. For the canonical map 
row^ : RO(C*) 0(SL2), this implies that we have a short exact sequence 

rowiM(-l)e ^ M ^ tow\M 0, 

and the section 0(SL2) — )■ RO(C*) of graded rings (not respecting differentials) gives a 
canonical splitting of the short exact sequence for the underlying graded objects. Thus 
we may write M* = row^M row^M(— l)e, and decompose the differential dju as c/m := 
5m + NMe, where Sm = row^iiM- 

Now, since M/tM = E (g) RO(C*), we know that 

Nm: row^row* (M/tM) ^ rowi*row* (M/tM) (-1) 

is a surjection of sheaves on C*. Since M = lim ^ M/V M is the Mati-equivariant category 
and M is flat, this means that Nm is also surjective. We therefore set 

K := ker(A^jvf : rowi*row]^M — )■ rowi=frow|5^M(— 1)); 

as ker(7V : rowi*0(SL2) —f rowi*0(SL2)(-l)) = ^c, we have 

K £ DGzAlgAixc*(Mati x x Gm)iO{A^ x R) <E) ^c* 

(resp. K G L>GzAlgAixc*(Mati x R x S)iO{A^ x R) ffc'), 

with 

M = T{C\K®ec^ R^C*), 
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for Rffc* as in Definition 5.6. 

Since M is flat over RO(C*) (g) ©(A^), it follows that K is flat over C* x Moreover, 
for G A\ we have 0*^ = K/tK, so 

0*K = ker(iVjv^: rowi*row^(M/tM) ^ rowi*row^(M/rM)(-l)) 
= ker(Ar : rowi*0(SL2) ^ rowi*0(SL2)(-l)) 

= (g) ffc* ■ 

Thus i^' satisfies the opposedness condition, so by Lemma 1.14 (resp. Lemma 1.8) it 
corresponds to an ind-MTS (resp. ind-MHS) on the i?-equivariant 0(i?)-augmented DGA 
algebra (1, 1)*K given by pulling back along (1, 1) : SpecM x C. Letting this ind- 

MTS (resp. ind-MHS) be ^ completes the proof. □ 

5.3.3. Homotopy fibres. In Proposition 5.14, it is natural to ask how unique the model M 

is. Wc cannot expect it to be unique up to isomorphism, but only up to quasi-isomorphism. 
As we will see in Corollary 5.20, that quasi-isomorphism is unique up to homotopy, which 
in turn is unique up to 2-homotopy, and so on. 

Definition 5.17. Recall from [Ber] Theorem 1.1 that a morphism F : C ^ T> in sCat is 
said to be a weak equivalence (a.k.a. an oo-equivalence) whenever 

(Wl) for any objects ai and 02 in C, the map Hom^^ fai , g^) Hom;p(Fai, ^02) is a 

weak equivalence of simplicial sets; 
(W2) the induced functor ttqF : ttqC — t- ttqD is an equivalence of categories. 

A morphism F : C ^ T> in sCat is said to be a fibration whenever 

(Fl) for any objects ai and 02 in C, the map Hom^(ai,a2) — ?■ Hom -p(Fai , Fay) is a 

fibration of simplicial sets; 
(F2) for any objects ai £ C, b ^ T>, and homotopy equivalence e : Fai b in T>, there 

is an object a2 G C and a homotopy equivalence d : ai ^ a2 in C such that Fd = e. 

F G 

Definition 5.18. Given functors A — > B i — C between categories, define the 2-fibre 
product A C as follows. Objects of A Xg C arc triples {a,6,c), for a £ A,c £ C and 

: Fa —7- Gc an isomorphism in B. A morphism in A x^ C from (a, 9, c) to (a', 6', c!) is a 
pair (/, 5), where / : a — > a' is a morphism in A and g : c ^ d a morphism in C, satisfying 
the condition that 

Ggoe = e'o Ff. 

(2) 

Remark 5.19. This definition has the property that .4 Xg C is a model for the 2-fibre 

(2) 

product in the 2-category of categories. However, we will always use the notation Axq C 
to mean the specific model of Definition 5.18, and not merely any equivalent category. 
Also note that 

Axf C = {Axf B) xbC, 

and that a morphism F : A ^ B in sCat is a 2-fibration in the sense of Definition 5.11 if 

(2) 

andonly if ^x^"^i3^^ is a fibration in the sense of Definition 5.17. 

Corollary 5.20. Let V : Alg(Mati) — > sCat be one of the functors V% or VH>^, and fix 
E G 'P(M). Given an object E in 'P(M), the simplicial categories given by the homotopy 
fibre 

nm) Am {E} 

and the 2-fibre 

nm) x^vU 

are weakly equivalent. 
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Proof. By Proposition 5.13, V{R[t]/t''') — > P(M) is a 2-fibration in sCat. Moreover, the 
proof of Proposition 5.14 shows that the map 



P(M[t]) ->]^^'^^ViR[t]/f) 

r 



l^[P{R[t]/n x^^;^j,j/,._,) V{R[t]/f-') x^^(^^j^j/^._,) . . . Xp(K) 

r 

to the inverse 2-limit is an equivalence, so P(IR[t]) — t- V{M.) is also a 2-fibration. 

(2) 

Therefore V{R[t]) 

^•p(R) ^(-l^) ~^ 'P{M.') is a fibration in the sense of Definition 5.17, so 

'P{m)XviR){E} ^ P{R[t])x^^l^^V{R)x-pg^){E} 
= V{R[t])x^^l^{E} 

as required. □ 
5.3.4. SL2-splittings. 

Definition 5.21. An <S-spHtting (or SL2-spHtting) of a mixed Hodge structure {X, x)y^^ 
on a relative Malcev homotopy type is an isomorphism 

X gr(X,x)^^^' X SL2 c rowt(X,x)^^^\ 

in Ho((iyzAffAixSL2(-^)*('^m ^ 'S'))) giving row| of the opposedness isomorphism on pulling 
back along {0} A^. 

An 5-splitting (or SL2-splitting) of a mixed twistor structure {X, 3^)^x8^ on a relative 
Malcev homotopy type is an isomorphism 

A' X ^{X,xrJ^^' X SL2 rowl{X,xrJ^^\ 

in H.o{dgxASj^iy^gi^^{R)^{Gm x G^)), giving row^ of the opposedness isomorphism on 
pulling back along {0} A^ . 

Corollary 5.22. Every non-positively weighted algebraic mixed twistor (resp. mixed 
Hodge) structure {X,x)^^q^ (resp. {X,x)^^^^) on a pointed Malcev homotopy type 
{X,x)^'^'^^ admits a canonical Sh2- splitting. 

Proof. By Theorem 5.16, we have an i?-equivariant 0(i?)-augmented DGA ^ in the 
category of ind-MTS (resp. ind-MHS) of non-negative weights, with (X, -^j^^iTcf' (resp. 
(X, aj)MHs*^) quasi-isomorphic in the category of algebraic mixed twistor (resp. mixed 
Hodge) structures to SpecC('^)- 

By Theorem 4.15 (resp. Theorem 4.8) and Lemma 4.7, there is a unique R x G^- 
equivariant (resp. i? x S'-equivariant) derivation /?: gr'^^ — >■ (gr^^) (8)row20(A^)(— 1), 
with the corresponding object 

0{h}) ® (gr^^) ® 0(SL2) i±i^ 0{A}) ® (gr^^, W) ® 0(SL2)(-1) 

isomorphic to the object M from the proof of Theorem 5.16 (with gr^^ canonically 
isomorphic to E). 

In particular, it gives a Gm x R x Gj„-equivariant (resp. Gm x R x 5-equi variant) 
isomorphism 

rowtC(-^) = 0{K^) ® (gr^^) ® 0(SL2). 



.(2) -ommz+r-u ..(2) 
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Since Spec xc*-^ W construction quasi-isomorphic to {X, 2;)j^'rpg^ (resp. {X, x)yl^^ ), 
with Specgr*^^ quasi-isomorphic to gr(X, x)^',^'g^' (resp. gr(X, x)^'^g^^), this gives us a 
quasi-isomorphism 

rowtgr(X, x)^'ts''^ ^ x Spec (gr^^) x SL2 
(resp. rowigr(X, x)^'^g^^ ^ A"*" x Spec (gr'^^) x SL2.) 

□ 

Corollary 5.23. // a pointed Malcev homotopy type {X, x)^'^^^"^ admits a mixed twistor 
structure {X^x)^^^^, then there is a canonical family 

h} X (X,x)^'^'^^^ ~ A^ X gr(X,x)^T?^ 

of quasi-isomorphisms over . 

Proof. Take the fibre of the SL2-spHtting 

* / -v \-R,Mal a1 / 1^ N_R,Mal or 

rowigr(X, zj^Ts ^ A X gr(X, xj^^g x SL2 

over (1,1) G A^ x C*. The fibre of SL2 C* over 1 is (41 q)) giving the family of 
quasi-isomorphisms. □ 

5.3.5. Homotopy groups. 

Corollary 5.24. Given a non-positively weighted algebraic mixed twistor (resp. mixed 
Hodge) structure {X,x)^n^a, (resp. {^tx)^'^^ ) on a pointed Malcev homotopy type 
{X,x)^'^^\ there are natural ind-MTS (resp. ind-MHS) on the the duals (tu„(X, x)''-^'"^)^ 
of the relative Malcev homotopy groups for n > 2, and on the Hopf algebra 

o{wi{x,xy'^^^). 

These structures are compatible with the action ofwi onwn, with the Whitehead bracket 
and with the Hurewicz maps tx7n(X^'^'i^i) ^ W'{X,Q{R)Y (n > 2) and R^wi{XP^^'^^) 
E.^{X,0{0{R))y, forO{R) as in Definition 1.18. 

Proof. By Corollary 5.22, {X, x)^'ts^^ (resp. {X 

'■^)mhs'') admits an SL2-splitting. There- 
fore the conditions of [Pri4, Theorem 4.20] are satisfied, giving the required result. □ 

Note that Theorems 4.15 and 4.8 now show that the various homotopy groups have 
associated objects in STS or SHS, giving canonical SL2-splittings. These splittings will 
automatically be the same as those constructed in [Pri4, Theorem 4.21] from the splitting 
on the homotopy type. Explicitly, they give canonical isomorphisms 

[Wn\X,X) } ® O = [gV ZUn{X,X) ) (g) O 

compatible with weight filtrations and with twistor or Hodge filtrations, and similarly for 
0{wi{X,xy^^^). 

It is natural to ask whether the relative Malcev homotopy groups ti7„(y, y)^'^'^^' are 
related to classical homotopy groups 7r„(y, y). We now give conditions under which this 
is true. 

Definition 5.25. Say that a group F is n-good with respect to a Zariski-dense repre- 
sentation p: T ^ R{k) to a reductive pro-algebraic group if for all finite-dimensional 
r'''^^'-representations F, the map 

ff(r'''^^,F)^ff(r,y) 

is an isomorphism for alH < n and an inclusion for z = n -|- 1. 

The following is [Pri5, Theorem 2.25], which strengthens [Pri2, Theorem 3.21]: 
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Theorem 5.26. // {Y, y) is a pointed connected topological space with fundamental group 
r, equipped with a Zariski-dense representation p: T R{R) to a reductive pro-algebraic 
groupoid for which: 

(1) r is [N + l)-good with respect to p, 

(2) TTniy, y) is of finite rank for all \ <n < N , and 

(3) the T -representation 7r„(y, y) (8)2 M is an extension of R-representations (i.e. a 
VP'^^ -representation) for all 1 < n < N, 

then the canonical map 

TTniY, y) ®z K ^ WniYP'"^^', 2/)(R) 

is an isomorphism for all 1 < n < N. 

To see how to compare homotopy groups when the goodness hypotheses are not satisfied, 
apply [Pri4, Theorem 3.10] to the universal cover of {Y,y). 

5.4. Quasi-projective varieties. Fix a smooth projective complex variety X, a divisor 
D locally of normal crossings, and set Y := X — D. Let j : Y ^ X he the inclusion 
morphism. Take a Zariski-dense representation p: 7ri{Y,y) i?(M), for R a reductive 
pro-algebraic group, with p having unitary monodromy around local components of D. 

Definition 5.27. Define a functor G from DG algebras to pro-finite-dimensional chain Lie 
algebras as follows. First, write cr^^[l] for the brutal truncation (in non-negative degrees) 
of ^^[1], and set 

G{A) =Lie(ayl^[l]), 

the free pro-finite-dimensional pro-nilpotent graded Lie algebra, with differential defined 

on generators by dA + A, with A: — >■ (g) A)"^ here being the coproduct on A^. 
Given a DGA A with A^ = R, define 

TTniA) := lln-lG{A). 

Corollary 5.28. There are natural ind-MTS on the the duals {wn{Y,yy^'^'^'^y of the 
relative Malcev homotopy groups for n>2, and on the Hopf algebra 0{wi{Y, yY'^'^^) . 

These structures are compatible with the action ofwi on Wn, with the Whitehead bracket 
and with the Hurewicz maps Wn{YP'^^) H"(y,0(i?))^ (n > 2) and Ry,wi{YP'^^^) 

Hi(y,o(o(i?)))^. 

Moreover, there are canonical S-linear isomorphisms 

a,h 

0{wi{YP^^^\y))®S ^ O(i?K7ri(0H'^-''(X,R''j,O(i?))[-a],(i2))®5 

a,b 

compatible with weight and twistor filtrations. 

Proof. This just combines Theorem 3.19 (or Theorem 2.21 for a simpler proof whenever p 
has trivial monodromy around the divisor) with Corollary 5.24. The splitting comes from 
Corollary 5.22, making use of the isomorphism 

grWr.{Y,y)^^i' = gr^w^{Y,yf'^^\ 

induced by the exact functor gr^ on MTS. □ 

Corollary 5.29. // the local system on X associated to any R-representation underlies a 
polarisable variation of Hodge structure, then there are natural ind-MHS on the the duals 
{wn{Y, yY'^'^^Y of the relative Malcev homotopy groups for n>2, and on the Hopf algebra 
0{wi{Y,yy'^-'). 
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These structures are compatible with the action ofwi on Wn, with the Whitehead bracket 
and with the Hurewicz maps Wn{YP'^^^) H"(y,0(i?))^ (n > 2) and R^wi{YP'^^^) ^■ 

Hi(y,o(o(i?)))v. 

Moreover, there are canonical S-linear isomorphisms 

WniyP'^^'^yy ® S ^ 7r„(0H'^-''(X,R^j,O(i?))[-a],di)V®5 

a,b 

0{wi{YC^^''\y))®S ^ O(i?><7ri(0H"-^(X,R''j,O(i?))[-a],ci2))®5 

a,b 

compatible with weight and Hodge filtrations. 

Proof. This just combines Theorem 3.16 (or Theorem 2.22 for a simpler proof whenever p 
has trivial monodromy around the divisor) with Corollary 5.24, together with the splitting 
of Corollary 5.22. □ 

Proposition 5.30. // the {S^Y -action on '^'cui{Y,yy'^'^ descends to R, then for all n, the 
map TTn(Y, y)xS^ — )■ tJ7„(y'^'^\ y)f, given by composing the map TTniX, y) — )• y) 
with the {S^Y -action on {Yf'^^,y)j from Proposition 3.20, is continuous. 

Proof. The proof of [Pri4, Proposition 6.12] carries over to this generality. □ 

Corollary 5.31. Assume that the {S^Y -action on '^wi{Y,yy^'^ descends to R, and that 
the group WniXiVY'^^ finite- dimensional and spanned by the image ofTTn{Y,y). Then 
Wn{Y,y)f'^'^^^ carries a natural S -split mixed Hodge structure, which extends the mixed 
twistor structure of Corollary 5.28. 

Proof. The proof of [Pri4, Corollary 6.13] adapts directly. □ 

Rem,ark 5.32. If we are willing to discard the Hodge or twistor structures, then Corollary 
5.23 gives a family 

^1 ^ (yp.Mai^ _ ^1 ^ Spec(0H"-^(X,R^j,O(i?))[-a],(i2) 

a,b 

of quasi-isomorphisms, and this copy of corresponds to Spec 5. 

If we pull back along the morphism 5 — > C given by x i— )• i, the resulting complex 
quasi-isomorphism will preserve the Hodge filtration F (in the MHS case), but not F. 
This splitting is denoted by bi in Remark 4.11, and comparison with [Del4, Remark 1.3] 
shows that this is Deligne's functor ap- 

[Pri4, Propositionmhs-morganhodgc] adapts to show that when R = 1, the mixed Hodge 
structure in Corollary 5.29 is the same as that of [Mor, Theorem 9.1]. Since ap was the 
splitting employed in [Mor], we deduce that when R = 1, the complex quasi-isomorphism 
at i € (or cquivalently at (Jq) ^ ^-'-'2) is precisely the quasi-isomorphism of [Mor, 
Corollary 9.7]. 

Whenever the discrete 5^-action on Wn{Y,y)^^^^^ (from Proposition 3.20) is algebraic, 
it defines an algebraic mixed Hodge structure on Wn{Y, y)^'^^^ . In the projective case 
(D = 0), [KPT] constructed a discrete C^-action on ti7„(X, a;)c; via [Pri4, Remark 6.4], 
the comments above show that whenever the -action is algebraic, it corresponds to the 
complex /P'^ decomposition of the mixed Hodge structure, with A G acting on /^'^ as 
multiplication by A^. 

5.4.1. Deformations of representations. For Y = X — D as above, and some real algebraic 
group G, take a reductive representation p: TTi(Y,y) — t- G(M), with p having unitary 
monodromy around local components of D. Write q for the Lie algebra of G, and let 
adBp be the local system of Lie algebras on Y corresponding to the adjoint representation 
ad/9: 7ri(y,2/) ^ Aut(fl). 
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Proposition 5.33. The formal neighbourhood Sefp of p in the moduli 
stack [Hom(7ri(y, y), of representations is given by the formal stack 

[(Z,0)/exp(H°(y,adBp))], where {Z,0) is the formal germ at of the affine scheme Z 
given by 

{{uj,ri) G Hi(X, j.adBp) B.%X,B}j^adMp) : d^v + ^[<^,oo] = 0, [oj,ri] = 0, [77,77] = 0)}. 

The formal neighbourhood ^Rp of p in the rigidified moduli space Hom(7ri(Y, y), G) of 
framed representations is given by the formal scheme 

{Z,0) Xexp(HO(y,adBp)) exp(f|), 

where exp(H°(y, adBp)) C exp(0) acts on {Z,0) via the adjoint action. 

Proof. Let R be the Zariski closure of p. This satisfies the conditions of Corollary 5.28, so 
we have an iS-linear isomorphism 

0{wi{YP'^^\y))^S^ 0{R K 7ri(0H«-''(X,R''j*O(i?))[-a],ci2)) ® 5 

a,b 

of Hopf algebras. 

Pulling back along any real homomorphism 5 ^ R (such as a; i-> 0) gives an isomorphism 

^^^YP,M-\y) - OiR K ni{^R''-\X,K'j,0{R))[-a],d2)). 

a,b 

We now proceed as in [Pril, Remarks 6.6]. Given a real Artinian local ring A = M0m(A), 
observe that 

G{A) Xg(r) R{^) = exp(0 ® m{A)) x R{W). 

Since exp(g tTi(yl)) underlies a unipotent algebraic group, deformations of p correspond 
to algebraic group homomorphisms 

^^(yp,Mai^ y) ^ exp(fl m{A)) X R 

over R. 

Infinitesimal inner automorphisms are given by conjugation by exp(g (g) tn(^)), and so 
[Pri2, Proposition 3.15] gives S)cfp(^) isomorphic to 

[Homi^(7ri(0H"-^(X,R''j,O(i?))[-a],d2),exp(0 ® m(^)))/exp(g ® m{A))% 

a,b 

which is isomorphic to the groupoid of y4-valued points of [(Z, 0)/ exp(H*^(y, adBp))]. 

The rigidified formal scheme Dip is the groupoid fibre of Defp{A) — i3exp(g (g) m(^)), 
which is just the set of A- valued points of {Z, 0) Xexp(KO(Y,adMp)) exp(0), as in [Pri4, Propo- 
sition 3.25]. □ 

Remarks 5.34. The mixed twistor structure on wi 

(yp,Mai induces a weight filtration on 
the pro- Artinian ring representing 9^p. Since the isomorphisms of Corollary 5.23 respect 
the weight filtration, the isomorphisms of Proposition 5.33 also do so. Explicitly, the ring 
0{Z) has a weight filtration determined by setting H"^^(X, R^j*0(i?)) to be of weight 
a + b, so generators of 0{Z) have weights —1 and —2. The weight filtration on the rest of 
the space is then characterised by the conditions that g and B.^{Y, adBp) both be of weight 
0. 

Another interesting filtration is the pre- weight filtration J of Proposition 3.10. The 
constructions transfer this to a filtration on wi{YP'^'^^,y), and the 5-splittings (and 
hence Proposition 5.33) also respect J. The filtration J is determined by setting 
H"~^(X, R^j,,0(i?)) to be of weight b, so generators of 0{Z) have weights and —1. We 
can then define JqZ := SpecO(Z)/J_iO(Z), and obtain descriptions of Jo2)efp C Sefp 
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and Jo^p C yip by replacing Z with JqZ. These functors can be characterised as con- 
sisting of deformations for which the conjugacy classes of monodromy around the divisors 
remain unchanged — these are the functors studied in [Fot] . 

5.4.2. Simplicial and singular varieties. As in §3.4, let X, be a simplicial smooth proper 
complex variety, and D, c X, a simplicial divisor with normal crossings. Set Y, = X, — D,, 
assume that \Y,\ is connected, and pick a point y G |Y,|. Let j : |y,| \X,\ be the natural 
inclusion map. 

Take p: 7ri{\Y,\,y) — )• R(R) Zariski-dcnse, and assume that for every local system V 
on jy.j corresponding to an i?,-rcprcscntation, the local system Oq^Y on Yq is semisimple, 
with unitary monodromy around the local components of Dq. 

Corollary 5.35. There are natural ind-MTS on the the duals (ro„(|y,|, y)^'^^""^)^ of the 
relative Malcev homotopy groups for n>2, and on the Hopf algebra 0{wi{\Y,\,yY'^^^) . 

These structures are compatible with the action of wi on Wn, with the Whitehead 
bracket and with the Hurewicz maps cc7„(|y,|''''^'^') H"(|y,|, 0(E))^ (n > 2) and 

Moreover, there are canonical S-linear isomorphisms 
Wn{\Y,\P'^^'^yY (^S ^ 7r„(Th(0Hf-^(X.,R«j>-iO(i?))[-p],di))^®5 

0{vJi{\Y,\P^^^\y))®S ^ 0{R K 7ri(Th(0Hf-«(X.,R«i,a-iO(i?)[-p],di)))) ® 5 

compatible with weight and twistor filtrations. 

IfttQ^Y underlies a polarisable variation of Hodge structure on Yq for all V as above, then 
the ind-MTS above all become ind-MHS, with the S-linear isomorphisms above compatible 
with Hodge filtrations. 

Proof. The proofs of Corollaries 5.28 and 5.29 carry over, substituting Theorems 3.21 and 
3.22 for Theorems 3.19 and 3.16. □ 

Corollary 5.36. Assume that the [S^Y -action on ^wiiYQ^yY'^'^ descends to R, and that 
the group g7„(| Y,|, y)'''^^^ is finite- dimensional and spanned by the image o/ 7r„(|y,|, y). 
Then Wn{\Y,\,yY'^^^ carries a natural S -split mixed Hodge structure, which extends the 
mixed twistor structure of Corollary 5.35. 

Proof. This is essentially the same as Corollary 5.31, replacing Proposition 3.19 with 
Proposition 3.25. □ 

Remark 5.37. When i? = 1, [Pri4, Proposition 9.15] adapts to show that the mixed Hodge 
structure of Corollary 5.35 agrees with that of [Hai, Theorem 6.3.1]. 

5.4.3. Projective varieties. In [Pri4, Theorems 5.14 and 6.1], explicit SL2 splittings were 
given for the mixed Hodge and mixed twistor structures on a connected compact Kahler 
manifold X. Since any MHS or MTS has many possible SL2-splittings, it is natural to 
ask whether those of [Pri4] are the same as the canonical splittings of Corollary 5.22. 
Apparently miraculously, the answer is yes: 

Theorem 5.38. The quasi-isomorphisms 

vowl{X,x)^^i' ~ X Spec(gr(X,x)^'^s'') x SL2 
and rowl{X,x)^^^ ^ x Spec (gr(X, x)Xg^') x SL2 

of Corollary 5. 22 are homotopic to the corresponding quasi-isomorphisms of [Pri4, Theo- 
rems 5.14 and 6.1]. 
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Proof. Given a MTS or MHS V, an SLs-splitting rowj^(y) ^ (gr^F) ® ©(SLs) gives rise 
to a derivation /3: gr^F — >■ gr^F (g) fi(SL2/C*), given by differentiation with respect to 
t:owI(,{V). Since r2(SL2/C*) = 0(SL2)(— 1), tliis SL2-splitting corresponds to the canonical 
SL2-spntting of Theorem 4.15 or 4.8 if and only if ^{gr^V) C gr^V (g) row|0((7)(-l). 

Now, the formality quasi-isomorphisms of [Pri4, Theorems 5.14 and 6.1] allow us to 
transfer the derivation N: rowlff{{X,x)^^^^) — > row^^((X, x)^'.^'g^')(— 1) to an iV-linear 
derivation (determined up to homotopy) 

Np: 0(SL2) -^E® 0(SL2)(-1), 

for any fibrant cofibrant replacement E for 0(gr(X, x)^';^^'), and similarly for 

ff{{X,x)^^Q'^). Moreover, ff{{X,x)^^Q^) (resp. ^((X, x)^'^g^')) is then quasi-isomorphic 
to the cone 

rowi*(£;® 0(SL2) -A E®0{SU){-1)). 

If we write A')? = id (g) TV + /3, for /3 : E ^ E 0(SL2)(-1), then the key observa- 
tion to make is that the formality quasi-isomorphism coincides with the canonical quasi- 
isomorphism of Corollary 5.22 if and only if for some choice of P in the homotopy class, 
we have 

P{E) CE® row|0(A2)(-l) cE^ 0(SL2)(-1). 

Now, [Pri4, Remark 4.22] characterises the homotopy class of derivations /3 in terms 
of minimal models, with [/?] = [a + 7a,], where 'jx characterises the basepoint, and a 
determines the unpointed structure. In [Pri4, Theorem 8.13], the operators a and are 
computed explicitly in terms of standard operations on the de Rham complex. 

For co-ordinates ( ^ j; ) on SL2, it thus suffices to show that a and jx are polynomials in x 
and y. The explicit computation expresses these operators as expressions in D = uD+vD^, 
£)c = xD + yD'^ and hi = G'^ D* D'^* D'^ , where G is the Green's operator. However, each 
occurrence of D is immediately preceded by either D'^ or by hi. Since 

D^D = {xD + yD''){uD + vD") = {uy - vx)D''D = D^D, 

we deduce that a and are indeed polynomials in x and y, so the formality quasi- 
isomorphisms of [Pri4, Theorems 5.14 and 6.1] are just the canonical splittings of Corollary 
5.22. □ 
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